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Abstract

Considering the strong correlation between production rate and degradation, we introduce an
adjustable production rate into the economic design of statistical process control (SPC) and
maintenance. Our goal is to optimize the integrated policy for the X-bar control chart, preventive
maintenance, and production rate from an economic standpoint. In this study, we define three
policies: production policy, SPC policy, and maintenance policy. We base our analysis on a
stochastic process that describes system degradation. A joint optimization model maximizing
the earnings rate is established, leveraging a unique recursive method as a consistent tool to
systematically derive key parameters and variables required for model formulation. Overall
equipment effectiveness (OEE) is quantified to evaluate production performance in complex
scenarios. A case study validates the effectiveness of the proposed method, presenting that an
appropriate production rate adjustment frequency is crucial to the optimization, that the
degradation rate exerts the most significant impact on production rate decisions, and that
achieving the maximum earnings rate does not always correspond to the highest OEE.
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1. Introduction

Quality is a decisive factor for market competition, and it has
played a crucial role in many manufacturing companies. As
an effective tool for quality improvement, statistical process
control (SPC) has been widely implemented in practice. A
manufacturing process can be monitored online in real time
by using quality control charts (Nenes et al 2014, Li et al
2021). The alarm will be triggered to signal the occurrence
of assignable causes, aiming to reduce the fraction of non-
conforming products produced by the system. Meanwhile,
as automation increases, equipment must be maintained in
good condition to address quality challenges. Improved per-
formance of equipment through either corrective or preventive
actions often leads to enhanced product quality (Wang et al
2024b)). Both SPC and equipment maintenance are motived
by quality control needs, and they are interrelated (Li and Shu
2020, Zhong et al 2016). Due to this close relationship, a sig-
nificant number of studies have been conducted from an eco-
nomic or economic-statistical perspective on the integrated
optimization of control chart and maintenance (Hadidi er al
2012, Farahani and Tohidi 2021). A variety of optimization
models have been developed to determine the optimal val-
ues for sample size, sampling intervals, control limits, and
maintenance-related parameters, which can be regarded as a
joint policy for quality and maintenance (Cassady et al 2000,
Pandey et al 2010, Hadidi et al 2012, Farahani and Tohidi
2021). The renewal reward theory (Ross 2023) is commonly
applied in modeling, and the cost rate within the renewal cycle
is frequently used as the objective function in most of these
optimization models (Pasha et al 2020, Rasay et al 2022).
A few of other objectives are the earnings rate, i.e. earnings
per unit time (Panagiotidou and Tagaras 2010, Panagiotidou
and Tagaras 2007). There is no essential difference between
the two objectives in calculation techniques; the choice of
which one to use depends entirely on the specific demands.
Therefore, in this study, we use the expected earnings per unit
time as our optimization objective.

There have also been a significant number of studies that
consider production policy in the jointly economic design of
quality and maintenance. Recently, both Hadidi et al (2012)
and Farahani and Tohidi (2021) review the integrated mod-
els in production planning and scheduling, inventory, mainten-
ance, and quality. They point out that these factors are inter-
related and need to be considered comprehensively. Literature
concerning production in the joint optimization of quality and
maintenance primarily focuses on two issues. The first one
is production planning, which involves determining economic
production quantity Lam and Rahim (2002), Liu et al (2017),
Wee and Widyadana (2012), Jafari and Makis (2015), Cheng
et al (2018), inventory level Cheng et al (2018), and buffer
stocking Lopes (2018), Shi er al (2024), Wang et al (2025).
The second issue is production scheduling, which focuses on
determining the quantities and sequences of tasks Farahani and
Tohidi (2021). However, another production issue, i.e. pro-
duction rate (number of outputs per unit time), has not been

considered in the joint optimization of quality and mainten-
ance. Literature has indicated that the system generally deteri-
orates more quickly at higher production rates Sun et al (2019),
Uit het Broek et al (2020), Uit het Broek et al (2021), Hu
et al (2022), Li et al (2023), Vlastos et al (2023), Li et al
(2025). The production rate is much related to the degrada-
tion, and the relationships between them have been given by
Sun et al (2019), Uit het Broek et al (2021), Hu et al (2022),
and Sun et al (2023). The production rate’s direct influence on
system degradation creates an unavoidable inter-dependency
between process control and maintenance. By integrating pro-
duction rate dynamics into their joint optimization, organiz-
ations can develop adaptive, resilient systems that maintain
high productivity while mitigating degradation-related risks,
ultimately enhancing long-term operational sustainability and
competitive advantage in complex engineering environments.
Therefore, it is essential to consider the production rate in the
joint optimization of SPC and maintenance.

Because higher production rates lead to faster system
degradation, the degradation rate is dependent on the pro-
duction rate. Controlling system degradation by selecting an
appropriate production rate is common in real production.
Therefore, the mutual influence between degradation and pro-
duction rate is a prerequisite for production rate decision-
making. There has been extensive research on modeling the
degradation process itself, including physical models and data-
driven models. Data-driven models are favored by many schol-
ars because they do not require an understanding of degrad-
ation mechanisms. These models mainly include stochastic
process models and machine learning models. For stochastic
process models for degradation modeling, the Wiener pro-
cess and gamma process are two of the most commonly used
methods Lin et al (2021), Wang et al (2024a). Currently,
only references Uithet Broek er al (2020, 2021) have con-
sidered linking the system degradation with production rates,
but they only focus on the gamma process and lack research on
other stochastic processes. Regarding the relationship between
degradation and production rate, some scholars have already
conducted relevant work. For example, Sun et al (2023) have
modeled the relationship between degradation rate and pro-
duction rate, while Francie ef al (2014) and Li ez al (2023) have
established models relating failure rate to the production rate.
However, these studies have not considered the relationship
between the production rate and stochastic degradation pro-
cesses. Therefore, this paper establishes a relationship model
between stochastic processes and the production rate, using
mathematical expressions to link the degradation process with
the production rate, thereby providing theoretical support for
production rate decision-making.

Another issue we need to focus on is that the joint policy of
production, SPC, and maintenance is closely related to overall
equipment effectiveness (OEE). As we know, OEE a critical
metric used to assess the production efficiency by consider-
ing three main factors: availability, performance, and quality.
The performance is related to the mean production rate, avail-
ability is associated with maintenance duration, and quality is
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determined by the effectiveness of process control Schiraldi
and Varisco (2020), Mendonga et al (2022). By evaluating
OEE, we can determine whether companies are achieving sig-
nificant economic benefits; therefore, it is worth analyzing the
influence of the joint policy on the OEE, which has not been
studied yet.

Our aim is to find an economically joint policy for SPC,
maintenance, and production. In this study, we define three
policies: production policy, SPC policy, and maintenance
policy. A stochastic process for describing system degrada-
tion, as used in Li et al (2025), serves as the basis for our
analysis. An optimization model for the earnings rate is estab-
lished based on the derivations for the expected duration of a
renewal cycle, expected process control cost, expected quality
loss, and expected sales income. Additionally, the OEE for the
studied scenario is defined and calculated. Our main contribu-
tions are as follows.

o Since degradation relies on the production rate, the paramet-
ers in the stochastic processes are expressed as functions
of both the degradation rate and the production rate. This
study establishes a general relationship between the degrad-
ation process and the production rate, which further aids in
decision-making regarding production rates.

o A recursive method is introduced to obtain various interme-
diate variables necessary for constructing the optimization
model. This method is based on the four potential scenarios
that emerge after each inspection using a control chart.

e With performance determined by the production rate, and
availability and quality defined based on the process states,
the OEE for this complex production system is defined and
calculated, providing an effective indicator for evaluating
production efficiency.

The remainder is organized as follows. Section 2 presents
problem with three policies described in details. In section 3,
we formulate mathematical expressions necessary for the
problem. Section 4 includes the case study. Finally, in
section 5, we summarize our findings and provide future
research suggestions.

2. Problem statement

A single-unit production system that begins operating from a
brand-new state is considered. The system degradation is char-
acterized by a stochastic process, with unobservable degrad-
ation states. A single quality characteristic of the products
is assumed to be both observable and measurable, serving
to reflect system conditions. An X-bar control chart closely
monitors the statistics of this quality characteristic, provid-
ing the foundation for assessing whether the production pro-
cess is functioning within control limits or has deviated from
them. Both preventive maintenance and corrective mainten-
ance are perfect; in other words, they can restore the system
into a like-new condition after completion. Thus, the mainten-
ance functions as a renewal process for the system. During the
production process, the production rate can be adjusted when
necessary, depending on whether the adjustment will provide

benefits. The decision variables and parameters that will be
used in this study are listed as follows.

Decision variables:

Vi kth production rate

I Number of samplings during which the system
operates at v

K Coefficient of the control limits for the X-bar
control chart

n Sample size

di Duration of the first sampling interval

Parameters:

J Number of sampling intervals prior to
implementing PM

u; Production rate during the jth sampling interval

K Number of production rates

X() Degradation level at time ¢

X Degradation rate

Ju(x) Probability density function of the degradation
rate under production rate u

0 Shape parameter of the gamma density function

B Scale parameter of the gamma density function

X0 Initial degradation level at the starting moment
in a Wiener process

" Drift parameter of the Wiener process

o Diffusion parameter of the Wiener process

B(-) Standard Brownian motion

E(xlu) Mean of the degradation rate under production
rate u

A(u) Mean degradation rate function with respect to
production rate u

Var(xlu) Variance of the degradation rate under
production rate u

omax Standard deviation of the degradation rate under
the maximum production rate

0 Coefficient of variation of the degradation rate

w Exponential term in the function \(u)

Amin Minimum value of the deterioration rate

Amax Maximum value of the deterioration rate

L Threshold of deterioration level for system
failure

M Number of the states

Ax Step size for the discretization of deterioration
level

F.(Y) Cumulative distribution of the degradation rate
at production rate u

P(u) State transition probability matrix of the
degradation under production rate u

w(0) Initial probability distribution

t Time at the end of the jth sampling interval

(1)) Probability distribution at the end of the jth
sampling interval

Tu(t) Probability of the system fails at ¢

D, Number of the unit times in zth sampling
interval

ti Time at the end of the ith time unit in the jth
sampling interval

1o Mean of the normal distribution in the

in-control process
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Standard deviation of the normal distribution in
the out-of-control process

Quality shift parameter

Probability of the first type of error

Probability of the second type of error

Average cost of the identification for a false
alarm

Fixed cost for each sampling

Cost for each additional sample

Average duration of a PM

Average cost of a PM

Average duration of a CM

Average cost of a CM

Duration of the PM cycle

Probability that the system fails at time #;,
assuming it was in-control at time #.

Expected in-control duration in the jth sampling
interval, assuming system failure occurs during
this interval

Expected number of samplings after time ¢,
assuming the process is out-of-control at time ¢
without triggering a true alarm

Expected duration of a renewal cycle

Expected duration of being in control during the
renewal cycle

Expected duration of being out of control during
the renewal cycle

Expected PM duration during the renewal

cycle

Expected CM duration during the renewal cycle
Expected process control cost throughout the
entire renewal cycle

Quality loss produced throughout the entire
renewal cycle

Quality loss per unit time produced in the
in-control process, assuming the system runs at
production rate of 1

Quality loss per unit time produced in the
out-of-control process, assuming the system
runs at production rate of 1

Expected sales income over the entire renewal
cycle

Sales income per unit time produced in the
in-control process, assuming the system runs at
production rate of 1

Expected earnings per unit time
Availability-the proportion of the expected run
time to the expected duration of the renewal
cycle

Performance-the average production rate during
the entire renewal cycle

Quality-the ratio of the expected quantity
produced during the in-control process to the
expected total quantity during the entire renewal
cycle

Expected quantity produced during the
in-control process

Expected quantity produced during the
out-of-control process

Expected OEE

2.1. Production policy

The production rate is defined as the quantity of products per
unit time. It is standardized within the range from 0 to 1 to
facilitate modeling. A minimum value of 0 indicates that the
system is unused, while a maximum value of 1 signifies that
the system is operating at its maximum capacity. Because the
production rate affects degradation, we may opt for the system
to operate at a production rate lower than 1 to better control
degradation. Therefore, the feasible production rates consti-
tute a set U = [0, 1]. Let J be the number of sampling intervals
prior to implementing PM. We denote the production rate dur-
ing the jth sampling interval as u; € U forj =1,---,J.

In practice, adjusting the production rate is a common
approach to controlling system degradation. However, the
adjustment of the production rate may incur various potential
costs; therefore, we do not make frequent adjustments, per-
forming them only at a few specific sampling moments. Thus,
it is reasonable to assume only a limited number of produc-
tion rates during the production process. Let K represent the
number of different production rates, v, € U represent the kth
production rate for k=1,--- K, It € {1,---,J} represent the
number of samplings during which the system operates at vy.
We then define the production policy as follows.

(Production policy). For a given number of production rates
K, the production policy is defined as {vi,- - ,vg, Iy, ,Ig}.

It is also obvious that J can be derived from [/y,0,--- ,lx,
i.e. Zszl Iy = J. The relationship between u; forj =1,---,J
and vy for k€ {1,2,--- ,K} is given by u; = v;. The schem-
atic diagram illustrating this relationship is shown in figure 1.
It can be seen in this figure that u; = up, = vy, u3 =y, uy =
Us = ug = v3, - -+, Uy = vg. It is noteworthy that the production
rate remains consistent across consecutive sampling intervals,
indicating that adjustments to the production rate do not occur
at each sampling point.

Given the production rate’s direct impact on system degrad-
ation, the production policy aims to balance production effi-
ciency and degradation control by dynamically adjusting the
rate during the production cycle. The production rate will be
optimized within the proposed optimization model.

2.2. Degradation process

The degradation process is commonly defined as a continuous-
time, continuous-state stochastic process that does not
decrease. Two predominant stochastic processes used for
modeling degradation are the gamma process and the Wiener
process.

(i) Gamma process. Let {X (7) |#) 0} be the degradation level at
time ¢, which is a gamma process. The degradation incre-
ments are independently gamma distributed in a gamma
process. Therefore, the density function of the degradation
rate x can be written as:
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Figure 1. Schematic diagram for the relationship between u; and vy.

x~Vexp(—x/B)
r(0)p°

where 6 > 0 is the shape parameter, 5 > 0 is the scale para-
meter, and ' () = [5° 2% ~'exp (—z) dz is the gamma func-
tion. The mean of the degradation rate under production
rate u is E (x|u) = 63, and the variance is Var (x|u) = 63°.

(ii) Wiener process. The Wiener process X (f) =xo+ ut+
oB(r) is also often used for modeling the stochastic
degradation process, where x represents the initial degrad-
ation level at the starting moment (usually), x>0 is
the drift parameter, o is the diffusion parameter, and
B (-) represents the standard Brownian motion that depicts
the stochastic dynamics of the degradation process. The
degradation rate x in the Wiener process follows the nor-
mal distribution with the probability density function:

2
exp (_(x—,u)) . 2)

202
The mean of the degradation rate under production rate u

is E (x|u) = p, and the variance is Var (x|u) = 0.

fu ()C) = (1)

Ju (x) =

 oV2r

(Properties of the degradation rate). Some properties of the
gamma and Wiener degradation processes under the produc-
tion rate u are provided as follows.

(i) The mean of the degradation rate under the production
rate u is E(xlu) = A (u), where A (u) is defined in the
equation (3).

(i1) The variance of the degradation rate reaches its max-
imum, denoted as 02, under the maximum production
rate of 1,i.e. Var(xlu=1) = o2,,.

(iii) The coefficient of variation of the deterioration rate
remains unaffected by the production rate, i.e. d = %

Similar to Li et al (2025), Uithet Broek et al (2020), and
Sun et al (2023), the connection between the production rate
and the degradation rate can be defined as follows.

A () = Amin + (Amax — Amin) #” 3)

where A\, is the average degradation rate for the unused sys-
tem, i.e. Apmin = A(0), while A\« is the average degradation
rate for the system that operates at its maximum production
rate, i.e. Amax = A(1). As Amax > Amin, A (1) is an increasing

function of u, implying that the system degrades more quickly
at higher production rates.

Traditional degradation models often treat degradation as
a time-dependent stochastic process with fixed parameters,
implicitly assuming that operational conditions, such as pro-
duction rate, are constant or irrelevant. In contrast, we recog-
nize that in many real-world systems (e.g., manufacturing
equipment, energy systems, or battery usage), higher produc-
tion rates typically accelerate wear and tear, thereby influ-
encing the degradation trajectory. Therefore, we leverage
Proposition 1 to explicitly capture the correlation between pro-
duction rate and degradation by modeling the parameters of
the stochastic process as functions of production-rate-related
variables.

Proposition 1. For the above two types of degradation pro-
cesses, their respective parameters have the following relation-
ships with the production rate.

=5 o

2
(i) For the gamma process, § = % and 8 = A (u) ‘;2 o

(ii) For the Wiener process, 1= A (u) and o = A (u) $2=.

Please see the proof in the appendix. According to
the proposition 1, the two types of stochastic processes
can not only describe the degradation process but also be
related to the production rate. Other stochastic processes
are also used for describing system degradation. Similar to
the gamma process and Wiener process, as long as their
respective parameters have connections with the production
rate, our proposed method is applicable to these degradation
situations.

The minimum of the degradation level is defined as O,
which indicates a brand-new system. The threshold of the
degradation level for system failure is defined as L, which
indicates that once the degradation level surpasses L, the sys-
tem is judged to have failed. In order to facilitate modeling,
discretizing a continuous degradation process is a common
approach. In this study, the degradation levels are discret-
ized into M intervals. The range of the degradation levels for
the ith interval, i = 1,--- .M — 1, is [(i — 1) Ax,iAx), where
Ax=L/(M—1), and for the Mth interval is [L,c0). Clearly,
any degradation levels that exceed the threshold L are classi-
fied into the Mth interval.

All the degradation levels within the same interval are
labeled as a same state; therefore, the system comprises M dis-
tinct states. The cumulative distribution function of the degrad-
ation rate x at the production rate u is denoted as F, (). For any
non-failure state, i < M, we define the probability for a state to
remain in itself as F, (0.5Ax), and for the transition from any
state to another non-failure state i +s as F, ((s+0.5) Ax) —
F, ((s —0.5) Ax). The probability for the transition from any
state to the failure state is denoted as 1 — F, ((s — 0.5) Ax).
Evidently, p,(M,M)=1—-F,(—0.5Ax) =1, implying that
once the system enters the failure state, it cannot move to any
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other state without an external invention. In conclusion, the
state transition matrix for the degradation is defined as follows.

F,(0.5Ax) F,(1.5Ax)—F,(0.5Ax) F

0 F,(0.5Ax) F
P(u) = : :
0 0
0 0

The probability distribution at the end of the jth sampling
interval, #;, is

m () =m (0) [ [ P> (uc) (5)

where T (tj) = [71—1 (tj)v"' 77TM(ZJ')]7T (O) = [71—1 (O)v )
, Ty (0)] is the initial probability distribution, and D, is the
quantity of unit times in the zth sampling interval, indicating
the duration of this interval.

Based on the Chapman—Kolmogorov equations, it is not
difficult to understand the equation (5). Note that D, for

z=1,---,J can be determined by using the method in the
section 2.3. Obviously, 7 4 (;) is the probability of system fail-
ure at .

The probability distribution at the end of the ith time unit
in the jth sampling interval, ¢; ;, can be developed as:

i—1
™ (4,1) = (0) (HPDZ (uz)> P (). (6)
z=1

It is also easy to understand equation (6) based on the
Chapman—Kolmogorov equations.

2.3. Process control policy

In SPC, we start with sampling, followed by the inspections
using an X-bar control chart, and then evaluate the necessity
of maintenance actions at regular intervals.

(SPC policy). Let &k represent the coefficient of the control lim-
its for the X-bar control chart, n represent the sample size, and
d) represent the duration of the first sampling interval. The
SPC policy is defined as {k,n,d; }.

The SPC policy aims to timely detect process shifts caused
by system degradation or other disturbances, ensuring stable
production quality. These three parameters will be optimized
within the proposed optimization model to achieve a balanced
trade-off between detection efficiency and operational cost.

(M —1.5) Ax) — F, (M —2.5) Ax
(M —2.5) Ax) — F, (M —3.5) Ax

(State transition matrix). The state transition matrix of the
degradation associated with u, P (u), is

1 - F, (M~ 1.5)Ax)
1 — F, ((M—2.5)Ax)

NN

F,(0.5Ax) 1 —F,(0.5Ax%)

“

The rule that the failure probability remains consistent
across all sampling intervals is employed to specify the dur-
ation of each interval, d}, i.e.

Ty () — 7w (1)
1 —WM(ljfl)

_ mu(t) —mu(0)

1 —mu(0) @

where 7, (¢) is the probability of system failure at time 7,
andt=0,t(,---,t;. 1y =dj,andforj =2,--- J,t; = t;_1 + d;.
By the equation (7), we can determine the duration for each
sampling interval. This rule aligns with the ‘average risk’ prin-
ciple in reliability engineering. In many practical scenarios,
system degradation is a gradual process, and short-term fluctu-
ations in failure probability (e.g., minor production rate spikes)
do not significantly alter the long-term reliability profile. By
assuming constant failure probability across sampling inter-
vals, the model focuses on mitigating average failure risks over
the operational life-cycle, rather than reacting to short-term
noise. This approach ensures that the joint strategy of SPC
and maintenance is robust to transient operational variations,
avoiding over-engineering or under-protection due to tempor-
ary changes in system conditions.

An X-bar control chart is used to monitor the mean of the
quality characteristic and determine whether the process is in
control. When the process is under control, it is assumed that
the quality characteristic follows a normal distribution with
a mean p and a standard deviation oy. However, if a sys-
tem failure occurs, the mean may shift from g to o + noy,
where 7 > 0, while the standard deviation keeps unchanged.
The sample size is n. Typically, if the mean of n samples is
within the control limits, no alarm is triggered, indicating the
process is in control. If it falls outside, an alarm signals the
process is out of control. However, two errors can arise in X-
bar control chart monitoring: in control with a false alarm and
out of control with no alarm, and their respective probabilities
are outlined below.

a=2[1- (k)],
b= (k—nyn) —® (—k—nv/n). ®)



J. Reliab. Sci. Eng. 1 (2025) 045501

Y Lietal

Sampling Sampling Sampling ppp
v v v
le— d —»l
T T T T YT T I [ I T N B O B > ¢
0 3 2] lj_l tJ
¢ t >
Sami)ling CM
«— d —» v
IS N T O I I L1l 1§11 tl; P
0 h failed
< L Ll

Figure 2. Two potential scenarios in process control.

Therefore, when an alarm occurs, if it is true, a CM will
be performed to restore the system to a brand-new state,
if it is false, the system will go on, incurring average cost
C; for identifying the false alarm. If no alarms arise dur-
ing the PM cycle, a PM will be performed when time #; is
up. Figure 2 depicts the two potential scenarios of process
control.

c¢ denotes the fixed cost associated with each sampling,
while ¢, represents the variable cost, which is the cost for each
additional sample. A PM requires an average time of 7}, and
an average cost of C,n,, while a CM takes an average time
of T and incurs an average cost of Ccy,. The cost of each
sampling is lower than that of either a CM or a PM. Since an
unplanned system failure typically incurs higher costs for the
company than a system that is retired as scheduled, it is accept-
able to assume that Ce, is not lower than Cpp,,, and that the cost
per unit time of a CM is not lower than that of a PM. In sum-
mary, the various costs in our research must adhere to the fol-

: .. C !
lowing conditions: 0 < ¢f + ¢cyn < Cpm < Cem, and T < %
pm cm

(PM policy). For a given {d;,d,, - ,d;}, the PM policy is
defined as T, = 21:1 d;, which represents the duration of the
PM cycle.

From the definition of the PM policy, we can see that once
the production policy and the SPC policy are established, the
PM policy is subsequently determined. Likewise, the para-
meter d; in the PM policy will be optimized within the pro-
posed optimized model.

3. Model formulation

We will construct an optimization model to obtain the joint
policy for the production rate, X-bar control chart, and pre-
ventive maintenance. The objective is to maximize the earn-
ings rate. Therefore, we first formulate the expected earnings
rate by developing the equations for the expected duration of
a renewal cycle, process control cost, quality loss and sales
income, then further construct the optimization model for the
optimal joint policy.

Before modeling, we first define and calculate some inter-
mediate parameters.

Let p; denote the probability of system failure at time #,
given that it was under control at time #_. p; can be derived
by

mm () — T (ti-1)
L—mp(ti-1)

Let 7; denote the expected duration of the in-control pro-
cess during the jth sampling interval, assuming system failure
occurs in this interval, then forj = 1,---,J, 7; can be expressed

as

S i (T (G—10) = T (G=1,i-1))
T () —7m (t-1)

(10)

7}-:

where 7y (#; 1 ;) is the probability that the system fails at time
tj_1 +iAt, in which At is the unit time.

Let N; represent the expected number of samplings after
time #;, under the assumption that the process is out-of-control
at #; without activating a true alarm. Without consideration of
the state of the process at the end of the Jth sampling inter-
val, t;, the system must be paused for PM, making sampling
unnecessary this time.

N;y=0,N;_1=0,N;,_,=1,and forj =1,---,J—3,N;is
expressed by

i=J—2—j
Nj=(1=b) Y b (T—1—j)p' .

i=l

an

The probability of sampling i times after time ¢ is
b'~' (1 —b), equation (11) can be easily derived by accumu-
lating all possible scenarios.

3.1 Expected duration of a renewal cycle

Proposition 2. The expected duration of a renewal cycle com-
prises the expected in-control duration, out-of-control dur-
ation, downtime duration (CM duration and PM duration),
which can be expressed as
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Jj= i=j

Zd]H

j=1 i=1
i=j—1

+§m I (1-p) +zp,
j=1

i=0

i=j—1

H (1—pi)

i=0
j=I-1

Jj=1

j=J i=j—1

+Tem ij H 1 7pi)

j=1 i=0

i=j—1

v) 1 <1—pi>+f[<1

i=0 j=1

12)

where E (V;) = i=d,.

Z b=
=j+1

Please see the proof in the appendix, where a recursive
method is proposed.

According to the definitions of d; and 7;, we can see
that d; — 7; represents the out-of-control duration in the jth
sampling interval, under the assumption that system failure
occurs during this interval. Let E (tIC) represent the expec-
ted duration of being in control during the renewal cycle,
E (toc) represent the expected duration of being out of con-
trol, E (™) represent the expected duration of CM, and
E(#™) represent the expected duration of PM, thus, E(T)
can be represented as the total of these four components,
ie. E(T)=E({)+E(°°)+E(r™)+E (™). Clearly,

E (i) = ',iffd [T (0 =p) + X o TSy (1= o),
(IOC) Z]ﬂpj( )Hl;oil(l Pz)"‘sz =
p,E(V)H,_’o_l(l —pi)s (tp‘“) [L21 (1= pj) Tym, and
E(f™) =Ten Y 012y | (1-11).

3.2. Expected process control cost

SPC and maintenance can be considered as the specific process
control measures. Therefore, the expected process control cost
over the entire renewal cycle, denoted as E (H), includes both
SPC and maintenance costs.

Proposition 3. The expected process control cost throughout
the entire renewal cycle can be written as

j=i—li=j—1 j=I-li=j
E(H) = (ct+cvn) Z H (1 =pi)+aC ZH(I—pi)
j=1 i=0 j=1 i=l

J —1 i=j—1

bler+eun zpjzv, T 0 -p)

i=0
=1 j=J

+Ccmipj H l_pi)+cpmH(l _pj)'

= i=0 j=1

13)

Please see the proof of E(H) in the appendix, where the
recursive method is also used.

According to the equation (13), when J=1, it
implies there is no samplings, leading to E(H)=

Ccmz,_lpJH (1_Pi)+CPmH_j,:z{(l_pj)-

3.3. Expected quality loss

The quality loss is characterized as the loss that can occur in
both in-control and out-of-control processes. Let yy and ~y; rep-
resent the quality loss per unit time produced in the in-control
and out-of-control processes, respectively, assuming that the
system runs at the maximum production rate.

Proposition 4. The quality loss produced throughout the entire
renewal cycle, denoted as E (Q), can be expressed by

i=j—1

'VOZ”J jH 1—pi) +’YOZPJ“JTJ H 1—pi)
i=1 i=0

j=J i=j—1

+y Y pui(di—7) [ (1—=p)
j=1 i=0
j=J—1 i=j—1

+b > pEZ) [ (1-p) (14)
j=1 i=0

where E (Z;) = Z b=~y

i=j+1
Please see the proof of E(Q) in the appendix. It is clear that
the expected quality loss is divided into two parts: one from the
in-control process and the other from the out-of-control pro-
cess. Clearly, E(Q) is related to the production rates closely.

3.4. Expected sales income

Sales income denotes the income generated from the sales of
products manufactured by the in-control process. Let r repres-
ent the sales income per unit time, assuming that the system
runs at the maximum production rate.

Proposition 5. The expected sales income throughout the
entire renewal cycle, denoted as E (R), can be expressed by

j=l i
R) = rZ ujde (1
j=1 =1

j=J i=j—1
—p)+ry_pum [ (1=p).

j=1 i=0
(15)

Please see the proof of E (R) in the appendix. E (R) is also
related to the production rates.

3.5. Optimization model

The maintenance for the system can be described as a renewal
process, during which we pursue the goal of maximizing the
expected earnings per unit time, E (¢), which is expressed as

16)

A sample size of 30 is generally considered sufficient to
represent population information. Consequently, we determ-
ine the optimal sample size within the range of 1-30. To ensure
effective monitoring using the X-bar chart, the coefficient of
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the control limits is established to be less than 4 (Li et al
(2025)). The optimization model is constructed under these
constraints, as follows.

max E(e).
Vi il Ik konyd,

arg a7

For a given K, the genetic algorithm can be used to
solve this model. By using the earnings rate E(e) as the
fitness function, we can solve the equation (17) to identify
the optimal solution for various decision variables, i.e.
Vi, VT, Ik kF,n*, dY . The steps are as follows.

Step 1. Determine the number of chromosomes and gener-
ate an initial population of binary strings.

Step 2. Evaluate the fitness of each individual using the
profit rate E (P) as the fitness function.

Step 3. Select individuals for reproduction using roulette
wheel selection. Negative fitness values are adjusted to small
positive values, the order of individuals is randomized, and the
best individual is retained.

Step 4. Combine genetic information from two individuals
to create new ones by exchanging parts of their binary strings,
while also retaining the best individual from the previous step.

Step 5. Introduce random mutations in the new individuals
to maintain genetic diversity, with a low probability of muta-
tion. The best individual also participates in this process.

Step 6. Calculate the fitness of the final individuals and
select the one with the highest fitness as the best.

Step 7. Repeat Steps 3—6 until a satisfactory solution
is found, a specified number of generations is reached, or
improvements fall below a threshold.

3.6. OEE formulation

OEE considers three essential factors: availability, perform-
ance, and quality, with each expressed as a percentage, and
the OEE is the product of these three percentages. The avail-
ability can be determined by calculating the proportion of
the expected runtime to the expected duration of the renewal
cycle, that is:

tIC + tOC

Avail = ———
vail E(T)

x 100% (18)

Auwail reflects the proportion of scheduled production time
during which the equipment is actually operational. It accounts
for losses due to unplanned downtime and planned stops.

The performance can be defined as the average production
rate during the renewal cycle, i.e.

Zk lvkz

l\ IlJrl l
Perf = x 100%. (19)
Z/:Idf
Since vi=v,=- —vK—v we  have ZkK 1 Vk
P/
E_Zlk ) _VZk IZ_Zk | _V(Z

11+12 Li+Dh+-- +ll<
it it L d;) = VZ =1 4j;
thus we obtain Perf = v. Perf measures how efﬁcwntly the

equipment operates when running, compared to its ideal or
designed cycle time. It captures speed losses such as minor
stoppages or operating at reduced speed.

We indicate the quality by the ratio of the expected quant-
ity produced during the in-control time to the expected total
quantity during the renewal cycle. Based on the expected dur-
ation of the renewal cycle in equation (12), we can derive the
quality as

1C

Qual = < % 100%

I
c 4+
j=J i=j—1
where Z],l u;d; H,_l (1—pi)+ Zj‘:l wpi [ 1,20
(1=pi), 1ndlcat1ng the expected quantity produced during the
in-control process,lOC = ;_{ uip; (d; — 1) H = (1—pi)+

bZI e lu]p] (V)szo_l (I=pi), where E(V) =
Z imj+1 b' =/ ~14;, indicating the expected quantity produced
during the out-of-control process. Qual represents the ratio of
good (defect-free) units produced to the total units started. It
quantifies losses from defects and rework.

Consequently, the expected OEE can be written as

(20)

E (oee) = Avail x Perf x Qual. (21)

Using the optimal joint policy obtained from equation (17),
E(oee) can be calculated easily. The OEE can serve as
an effective metric for evaluating production performance.
For complex production systems, the proposed OEE serves
as a diagnostic tool: a low availability score may indicate
unplanned downtime due to inadequate maintenance or equip-
ment failures, while poor performance often points to produc-
tion rate inefficiencies or process bottlenecks, and subpar qual-
ity highlights gaps in quality control (e.g. SPC implementa-
tion). Beyond evaluation, OEE provides a data-driven pathway
for continuous improvement. By decomposing proposed OEE
into its constituent components, Avail, Perf, and Qual, organ-
izations can pinpoint root causes of inefficiency.

4. Numerical analysis

This section uses the 1580 hot rolling production line for thin
strip steel to demonstrate the proposed method. Several key
procedures in the hot rolling process are: heating, roughing,
shearing, finishing, cooling, and coiling, with finishing as the
core procedure. As the convexity of strip steel indicates the
quality of the shape, it is an important quality characteristic in
the finishing process. The convexity is defined as the differ-
ence between the thickness at the center of the cross section
and the thickness at the reference point situated 40 mm from
the edge of the strip steel Deng et al (2019), i.e. h. — h';h/,
where h represents the thickness of the center, while & and i’
respectively represent the thickness of the left and right refer-
ence points, as illustrated in figure 3. The average value of the
convexity of strip steel is 40 mm, and the X-bar control chart
is used to monitor the mean of this quality characteristic.

Since the production rate significantly influences the deteri-
oration of the finishing mill, operators periodically adjust it to
maintain high production efficiency and quality.
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h | h'

i=40mm |

Reference point

Figure 3. A schematic representation of the convexity of strip steel.

Table 1. Data associated with the finishing procedure.

Parameter Value Parameter Value
Amin 0.01 Cr 100$
Amax 0.5 r 30%

(5 2 Yo 9$
Ccm 800$ Y1 1 50$
Com 200$ Tem 5h

Ct 1$ Tom 2h

Cy 0.1$ n 2

Table 1 presents the processed production data associated
with the finishing procedure. Please note that we process
the data prior to use to meet the company’s confidentiality

requirements.
Using the above information, we aim to obtain the
optimal joint policy {vi,---,vk,l1,- -+ ,lk,k,n,d; } for produc-

tion, quality control, and maintenance.

4.1. Basic analysis

(i) Optimal solution at Ap,x = 0.5
We define the unit time At as one hour, with a total of 2000
degradation intervals before reaching the failure threshold, res-
ulting in M =2001. We use the model (17) and the genetic
algorithm for obtaining the optimal solution. Two convergence
criteria in the genetic algorithm implemented are defined:
First, the algorithm terminates when the fitness value of the
optimal solution remains stable within a predefined threshold
of 10~ for 50 consecutive generations; Second, the algorithm
terminates when the maximum number of iterations reaches
500. We did statistical verification of the convergence per-
formance by running the algorithm more than 30 independ-
ent times with different initial random seeds. When retaining
four decimal places, the results demonstrate that the algorithm
achieves consistent optimal solutions across all runs. The
optimal solutions are presented in table 2. Under the optimal
setting, vi = 1, I} =4, k=3.3968, n =7, dy = 132, the max-
imum production rate is E (¢) = 19.1774$, the corresponding
OEE is E (0ee) = 0.9856, and the duration of the PM cycle is
T. = 144h. From the table, it is clear that the system runs at its
maximum production rate consistently; therefore, the earnings
rate remains the same, regardless of K.

From table 2, we can see that for the same optimal solution,
the value of k can differ within a certain range, indicating that

Table 2. Optimal solution for varying K at Amax = 0.5.

K vi vo viova T Ih I3 14 k n d E(e) T.
1 1 4 3.3968 7 132 19.1774 144
2 1 1 1 3 3.4286 7 132 19.1774 144
31 1 1 1 2 1 3.4603 7 132 19.1774 144
4 1 1 1 1 1 1 1 1 34333 7 132 19.1774 144

Table 3. Optimal solution for varying K at Amax = 3.5.

K Vi A%) V3 V4 ll 12 l3 l4 k n dl E(e) TC

1 1 8
2 09786 1 1
3 0.9267 0.9800 1 1
4 09267 09800 1 1 1

3.3355 6 10 4.2614 18
3.3548 6 10 4.2656 18
3.3065 6 11 4.2669 19

7
1 6
1 4 2 33165 6 11 42669 19

Table 4. Optimal solution for varying K at Amax = 4.5.

K v V) V3 va I b L1 k nd E(e) T
1 0.3331 3 3.4788 6 37 1.3179 43
2 0.3323 0.4032 12 3.4032 6 37 1.3231 42
3 0.3323 0.4032 0.4032 111 3.4226 6 37 1.3231 42
4 0.3323 0.3516 0.3774 03452 1 1 1 1 3.5000 6 36 1.3158 43

the optimal solutions are not sensitive to the coefficient of the
control chart.

(ii) Optimal solution at relatively high A«

The production rate is adjustable to control the degradation
speed; however, when the degradation rate is low, it may not
be necessary to adjust it, and the system can operate at the
maximum production rate at all times. In order to observe the
change of the production rate under the case of relatively high
degradation rate, we increase the maximum degradation rate
Amax to 3.5 and 4.5. The corresponding results are shown in
tables 3 and 4, respectively.

Table 3 shows that when K = 3, the earnings rate reaches
its maximum of 4.2669, with v{ = 0.9267, v, = 0.98, v; =1,
Iy =1, =1, and I3 = 6. In comparison to the case of K =1,
it is clear that adjusting the production rate effectively con-
trols the degradation, leading to an increase in the earnings
rate. Additionally, the cases of K =3 and K =4 are actually
the same, indicating that the system only needs to adjust the
production rate twice. Notably, as long as the sum of /3 and /4
equals 6, the results are optimal for K = 4.

Table 4 shows that when K = 2, the earnings rate reaches its
maximum of 1.3231, with v{ = 0.3323, v, =0.4032, [; =1,
and [, = 2. Since there are the same two sampling intervals in
both K =2 and K = 3 for the production rate of 0.4032, they
are practically the same. In comparison to the case of K =1,
it is clear that appropriately adjusting the production rate can
effectively control the degradation. The change from K = 3 to
K = 4 indicates that once the condition that having only one
sampling interval for each production rate is satisfied, there is
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Table 5. Availability, performance, and quality for OEE calculation.

Table 6. Lengths of the sampling intervals for different Amax values.

Amax = 3.5 Amax = 4.5

K avail perf qual E(oee) avail perf qual E(oee)

0.8830 1 0.9979 0.8811 0.9522 0.3331 0.9973 0.3163
0.8839 0.9881 0.9981 0.8717 0.9510 0.3407 0.9974 0.3232
0.8887 0.9555 0.9981 0.8475 0.9510 0.3407 0.9974 0.3232
0.8887 0.9555 0.9981 0.8475 0.9519 0.3363 0.9978 0.3195

B W N =

no need to adjust the production rate; otherwise, the production
rate will decrease.

From tables 2—4, it can be observed that a relatively conser-
vative strategy is adopted: when the degradation rate reaches
a sufficiently high threshold, the production rate should be
reduced. Notably, the production rate in the early operational
phase is generally lower than that in the later phase. From the
changes of dj, it can be noted that the sampling frequency
increases as the degradation rate accelerates.

Another interesting phenomenon is that the high production
rates always have the most sampling intervals. For example,
in table 3, for K =2, the production rate of 1 has 7 inter-
vals, while 0.9786 has only 1. Similarly, for K = 3, the pro-
duction rate of 1 has 6 intervals, while both 0.9267 and
0.9800 have only one. The same conclusion can be drawn from
table 4.

(ii1) Analysis for OEE

The availability, performance, and quality for OEE calcula-
tion at A\ of both 3.5 and 4.5 are presented in table 5. It
is worth mentioning that a maximum earnings rate may not
correspond to a maximum OEE. For example, for Ap,x = 3.5,
the maximum earnings rate has the minimum OEE, whereas
for Amax = 4.5, the maximum earnings rate coincides with the
maximum OEE. In practice, if profitability is the priority, earn-
ings rate serves as the key performance indicator (KPI); if the
focus is on asset utilization or lean manufacturing, OEE is
more appropriate. In the short term, a company may priorit-
ize one objective—even at the expense of the other—based on
strategic needs. However, in the long run, these two objectives
should align and reinforce each other.

From table 5, we can see that the performance changes the
most and has the greatest impact on the OEE, while the avail-
ability and quality remain relatively steady. This phenomenon
is due to the measure of adjusting the production rate to control
the degradation.

Based on the performance values, we can conclude that
the average production rate varies significantly with Ap,x. For
example, for K = 1, it changes from 1 to 1 t0 0.3331; for K = 2,
it changes from 1 to 0.9881 to 0.3407, and so on. This also
illustrates that adjusting the production rate to control degrad-
ation is preferable.

(iv) Lengths of the sampling intervals
The lengths of the sampling intervals for Ap,x values of 0.5,
3.5 and 4.5 when K = 1 are shown in table 6. It is evident that

Amax Vi di d> ds dy ds de dy ds
0.5 1 132 6 3 3 - = = =
35 1 10 2 1 1 1 1 1 1
4.5 03331 37 4 2 e
Table 7. Effect of the change in 6.
6 v L k n d E(e) T.  E(oee)
1 1 1 31575 7 165 195126 165 0.9878
2 1 4 34055 7 132 19.1774 144  0.9856
3 1 6 33622 7 104 18.8017 127  0.9832
4 1 12 33543 6 77  18.4040 118  0.9811
5 1 16 34409 7 58 18.0201 114  0.9793
Table 8. Effect of the change in 7).
n v h k n d E(e) T.  E(oee)
1 I 2 30551 19 134 19.1594 140 0.9853
2 1 4 34055 7 132 19.1774 144 0.9856
3 1 4 37087 4 132 19.1855 144  0.9856
4 1 6 37244 2 129 19.1895 144  0.9857
5 1 6 3937 2 130 19.1911 145 0.9858

the initial sampling interval for each value of Ay« is consid-
erably longer than subsequent intervals, which reflects a relat-
ively low sampling frequency. This phenomenon can be attrib-
uted to the minimal degradation observed in the early stages
of the process, where the failure probability remains low and
thus frequent sampling is deemed unnecessary.

4.2. Sensitivity analysis

This section exams the effects of the changes in various para-
meters on the decision variables, several intermediate paramet-
ers, as well as the production rate and the OEE.

Table 7 shows the effect of the change in 0. An increasing
0 signifies an increased variation magnitude. E (e) increases
while E (oee) decreases as expected. To achieve better mon-
itoring performance, the sampling frequency increases by
decreasing the duration of the sampling intervals. The dura-
tion of the PM cycle 7. also shortens. Since the X-bar chart is
effective at monitoring the mean of the quality characteristic,
the increase in standard deviation does not significantly affect
k and n.

Table 8 shows the effect of the change in the shift coef-
ficient n. As 7 increases, the shifts become easier to detect;
consequently, the sample size significantly decreases, and the
duration of the PM cycle slightly increases, even though the
sampling interval is slightly shortened. Additionally, the coef-
ficient of the control limits for the X-bar control chart also
increases for easily detectable shifts. Both E(e) and E (oee)
display an upward trend, indicating that the X-bar control chart
is more effective for relatively large shifts.
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Table 9. Effect of the change in 7.

Yo vi L k n d E(e) T. E(oee)
3(0.1r) 1 4 34331 7 132 250913 144 0.9856
9(0.3r) 1 4 34055 7 132 19.1774 144 0.9856
150.5r) 1 4 34567 7 132 13.2636 144 0.9856
21(0.7r) 1 3 33858 6 131 7.3506 140 0.9854
2709 1 3 33386 6 131 1.4381 140 0.9854
Table 10. Effect of the change in ;.
Y1 V1 l] k n d] E(e) Tc E(oee)
150(5r) 1 4 34055 7 132 19.1774 144 0.9856
300(10r) 1 4 34646 7 129 19.1406 140 0.9855
600(20r) 1 5 34173 7 125 19.0934 137 0.9853
900(30r) 1 34331 7 122 19.0632 134 0.9851
3000(100r) 1 11 3.3937 6 115 18.9494 131 0.9848
Table 11. Effect of the change in Cpp.
Cpm Vi 11 k n d] E(e) TC
100 1 2 3.378 7 130 19.8810 135
150 1 3 3.5039 7 131 19.5240 140
200 1 4 3.4055 7 132 19.1774 144
250 1 4 3.3701 7 134 18.8417 147
300 1 5 3.4094 7 134 18.5153 149
Table 12. Effect of the change in Cem.
Cem Vi h k n dy E(e) T
600 1 4 3.5039 7 132 19.1991 144
800 1 4 3.4055 7 132 19.1774 144
1000 1 3 3.4567 7 131 19.1607 140
1200 1 3 3.4803 7 131 19.1459 140
1400 1 2 3.3937 7 132 19.1325 138

Tables 9 and 10 show the effects of the change in the
quality loss per unit time produced by both the in-control
and out-of-control processes. As 7 increases, the sampling
frequency, sample size, duration of the PM cycle and OEE
exhibit slight changes, while E (e) decreases significantly. As
~1 increases, the length of sampling intervals decreases, lead-
ing to an increase in sampling frequency for a rapid detec-
tion for system failures. Additionally, the duration of the PM
cycle shortens, allowing earlier maintenance. As expected,
both E (e) and E (oee) decrease.

Tables 11 and 12 shows the effects of the change in Cp, and
Cem, respectively. As expected, as either Cpp, or Ceyy increases,
E(e) decreases. With an increasing Cpm, the sampling fre-
quency decreases, resulting in a longer PM cycle. However,
as C.n increases, the sampling frequency remains relatively
steady, while the duration of the PM cycle decreases.

Since the production rate remains at its maximum, E (oee)
is influenced by either Avail or Qual or both, as shown in
table 13.

Table 13. Effect of the change in Cp and Ceiy on Avail, Qual, and
E (oee).

Com Avail Qual E(oee) Cem Avail Qual E(oee)
100 0.9853 0.9998 0.9851 600 0.9860 0.9997 0.9856
150 0.9857 0.9997 0.9854 800 0.9860 0.9997 0.9856
200 0.9860 0.9997 0.9856 1000 0.9857 0.9997 0.9854
250 0.9861 0.9996 0.9857 1200 0.9855 0.9997 0.9854
300 0.9862 0.9995 0.9858 1400 0.9855 0.9997 0.9852

Although Qual exhibits a slight decreasing trend

with the increasing Cpn, Avail increases in a relat-
ively larger magnitude, resulting an increase in E (oee).
Conversely, when C., increases, Avail decreases signific-
antly while Qual remains constant, resulting in a decrease
in E (oee).

5. Conclusion

Our study considers an adjustable production rates in the
joint optimization of the X-bar control chart and prevent-
ive maintenance, aiming to obtain the optimal joint policy
for production, SPC, and maintenance. The assumption of
an adjustable production rate aligns better with real-world
situations. The stochastic process model is used to describe
the system’s degradation, accommodating a wider range of
potential degradation scenarios. Additionally, the recursive
method for deriving various variables related to the pro-
duction rate enhances the optimization model. Moreover,
the availability and quality are defined from the perspect-
ive of process states, and the subsequent OEE for the com-
plex production system under study services as an effect-
ive indicator for evaluating production performance. This
research not only contributes to bridging existing gaps
in understanding the interplay between control chart, pre-
ventive maintenance, and production, but also provides a
practical and comprehensive approach for optimizing their
joint policy within an economic framework and analyz-
ing the production performance through the formulation
of OEE.

The numerical analysis indicates that selecting an appro-
priate number of production rates is crucial for optimization.
The maximum degradation rate has the greatest influence on
the production rate. Additionally, the maximum earnings rate
does not necessarily result in a maximum OEE. Other inter-
esting conclusions are also obtained by conducting sensitivity
analysis.

With a widespread application of sensors, degradation
states can be obtained directly from certain signals or indir-
ectly reflected by other related signals. Therefore, it is worth-
while to combine these signals and quality characteristics
to study production optimization. Moreover, in future work,
we plan to adopt a multi-objective optimization approach
to generate solutions that effectively balance earnings rate
and OEE, rather than prioritizing one metric at the expense
of the other.
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Appendix

Proof of Propositionl.

Proposition 1. For the above two types of degradation pro-
cesses, their respective parameters have the following relation-
ships with the production rate.

2 2
i) For the gamma process, 6 = % and 3 = A (u) 3=,
ii) For the Wiener process, pt = A (u) and o = \ (u) o,

Proof of i).
Based on the property i) in the definition 1 that E (xlu) =
we can obtain that E(xlu =1) = A (1)

property iii) in the definition 1, we can obtain that

7%1"1:)1) Therefore, given that E (xlu) = 63, Var(x|u) =

08%,E(xlu=1) = Apax, and E (xlu = 1) = o2,
2

that {—%ﬁ S further obtain that § = U‘“"‘X Additionally, we

ma;

= )‘ (1) = 0. By substituting 6 = Jé‘“ ,

A(u),
= Amax. Based on the
Var(xlu)
E(xlu) 7

we can derive

have E (xlu) we ulti-

mately obtain 5 = A (u) )\g“‘*.

Proof of ii).

Similar to the proof of i), it is clear that p = A(u) since
E (x|u) = p and E (xlu) = X (u). Given that Var (x|u) = 0%, we
can apply the property iii) to derive that % = ﬁ By substi-
tuting p = A (u), we further obtain o = A (u) $mex,

max

Proof of Proposition 2.

Proposition 2. The expected duration of a renewal cycle com-
prises the expected in-control duration, out-of-control dur-
ation, downtime duration (CM duration and PM duration),
which can be expressed as

j= i= i=j—1

E(T)= Zd/H —Di +ZP;T/ H (1—pi)

j=1 i=l

i=j—1 j=J—1

+Zp,<d 7) H (1—pi)+b Z PiE(V))

i=j—1 j= j=J i=j—1
X H (I-pi) +H —Pj Tpm+TcmZPj H (I=pi)
i= j=1 i=0
(12)
where E (V;) = EEJJH b= ~1d;.

Proof.
Since directly expressing E (T) is challenging, we propose a
recursive approach to derive it.

Table A1. Duration for the first sampling interval.

Current Expected remaining
Scenario  Probability duration  duration
Si (I=p)(1—a) d E(Th)
S (1—=pi1)a d, E(Ty)
Ss pib +6C  E(WVi)+Tem
Sy p1(1—b) 4+ Tem

Suppose that E(T}) is the expected remaining duration bey-
ond time #;, assuming that the process is in-control at time ;.
E (V;) 4 Tem represents the expected remaining time beyond 7,
assuming that the process is out-of-control at #; without activat-
ing a true alarm. Let 7; represent the expected in-control dura-
tion during the jth sampling interval, and /7€ represent the out-
of-control duration, both under the assumption that the process
is out of control at ;. The details about duration for the first
sampling interval are presented in table Al.

Thus, the expected duration of a renewal cycle can be
written by

E(T)=(1—=p1)(di +E(Th)) +p1 (1 +17°)
+p1bE(V])+p]Tcm- (A.1)
Forj=1,---,J—2, E(T;) can be expressed by

E(Tj) = (1=pjs1) (dig1 + E(Tj1) +pj1 (41 +151)
+Pj+1bE( j+1)+pj+1Tcm (A2)

Clearly, E(T)) = Tym,and E (Ty_1) =
p1 (754 1)+ +p T

By successively substituting E(T;), j =1,---
the equation (A.1), we derive E(T) as

(1 _pJ) (dJ+Tpm) +
,J—1, into

J=

i=j
deH 1—pi) +me
i=l1

i=j—1
IT a-r)
i=0
i=j—1 j=J—1
+ZP;OC [] a=p)+6 > pEW)
i=0 j=1

j=J i=j—1

+H 1—]), Tpm+Tcmij H l—Pt

= i=0

i=j—1

I a-m

i=0

(A.3)

By replacing with d; — 7;, the final form of E(T) is acquired
as in the equation (12) Next, we need to derive E(V;) in the
equation (A.3).

Clearly, E(V)) =
=2,

O, E(ijl):d], and for j:],---
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Table A2. Process control cost.

Table A3. Quality loss.

Current process  Expected remaining

Current quality ~ Expected remaining

Scenario Probability control cost process control cost Scenario Probability loss quality loss
S (1—p))(1—a) ct+cyn E(H) S (1=p1) (1 —a) yourd E(Q1)
S5 (1—p1)a ct+eyn+ Cr E(H) ) (1-p1)a Yourdi E(Q1)
S3 pib cr+cvn Cem + (¢t + cyn) Ny S3 p1b YourTi + E(Zy)
Sa p1(1—b) ct+cvn Cem Y (di —71)
Sa p1(1—=0) Youri + 0
yiuy (dy —71)
E(V}) =djt1+bE(Vit1)
=dj +bdj iyt +bTTEWV,
! tjl it2 (V1) Proof of Proposition 4.
B — i1y Ad Proposition 4. The quality loss produced throughout the entire
- Zl ! AD fenewal cycle, denoted as E(Q), can be expressed by
i=j+

Proof of proposition 3. it

Proposition 3. The expected process control cost throughout
the entire renewal cycle can be written as

j=l—li=j—1 j=l—1li=j
E(H) = (ct+cvn) Z H (1 —=pi)+aC Z (1—=pi)
j=1 i=0 j=1 i=l
j=J—1 i=j—1
+b(cr+en) > N [ (1—=p)
j=1 i=0
j=J i=j—1 j=J
+ccmZp, [T a-p)+Cm]Jt-p). (13
i=0 j=1
Proof.

The recursive approach used in the proof of Proposition 2 is
also used in the derivation of E (H).

Assuming that the process is in-control at #;, the expected
remaining process control cost beyond time ¢ is denoted as
E (Hj). Thus, for both S; and S, at 1, the expected remaining
quality control cost is E(H,). For S3 at #;, due to the second
type of error, the expected remaining quality control consists
of the average cost of a CM and the sampling cost after ;, i.e.
Cem + (¢cs+ ¢y) Ny. For Sy at 1, the expected remaining quality
control is C.p,. Regarding the current quality control cost, S,
S3 and S4 include only the sampling cost, while S, also encom-
passes an additional cost for identifying a false alarm, Cy. The
details about process control cost for the first sampling interval
are presented in table A2.

The expected process control cost over the entire renewal
cycle can be expressed as

EH)=c+cyn+(1—p1)aCi+ (1 —p)E
+p1b(ce+ cyn) Ny + p1 Cem.

(Hy)
(A5)

For time #;, j = 1,--- ,J — 2, E(H;) can be expressed by

E(H)) =ci+cn+ (1 —pjt1)aCi+ (1 —pji1) E(Hjq1)

+pjs1b(cs+cevn)Nip1 +pj41Cem. (A.6)
Exceptionally, E(H;—1) = (1 — ps) Com + PsCem.
By substituting E(H;), j=1,---,J—1, into the

equation (A.5) in turn, we can obtain the E(H) as in the
equation (13).

II a-p)

i=0

VOZM;dH 1—pi) +702p,um

i =]
+71 Zp,u, i—7) [ (1=p)
i=0
j=J-1 i=j—1
+b0 ) pEEZ) [ -p) (14)
j=1 i=0
where E(Z;) = 'ylz_]+lb’ = ud,.
Proof.

The recursive approach is used again. Let E (Q;) represent the
expected remaining quality loss beyond time #;, assuming that
the process is in-control at #;. Additionally, let E (Z;) represent
the expected remaining quality loss beyond #;, given that the
process is out-of-control at #; without triggering a true alarm.
Both S| and S, at #; indicate an in-control process, resulting
in a current quality loss of vyu;d; and an expected remain-
ing quality loss of E(Q;). In contrast, S3 and S4 means a
shift occurs during the sampling interval, leading to a quality
loss of for the in-control part and ~ou; 7 for the out-of-control
part. Depending on whether there is a true alarm, the expected
remaining quality loss is E(Z;) for S3, and O for S4. The details
about quality loss for the first sampling interval are shown in
table A3.

The quality loss during the entire renewal cycle can be
expressed as

E(Q) = (1 —p1)vourdy + (1 —p1) E(Q1) + p1your 7y
+pimui (dy — 1) +p1bE(Zy). (A7)
ClearlyE (Qy) =0, E(Qy—1) = (1 — ps) yousdy + pyous7; +
piiuy(dy—;),and forj = 1,--- ,J —2, E(Q)) can be derived
as
E(Q;) = (1 = pj+1)v0uj+1dj+1 + (1 — pj+1) E(Qj+1)

+Pj 170U 1T +1 +Pjr1vili 1 (i1 — Tj41)
+pj+1bE(Zj+1). (A.8)

By successively substituting E(Q;) for j=1,---,J—1
into the equation (A.7), we can obtain the E(Q) as in the
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equation (14). Next, we need to derive the E(Z;) expression
in the E(Q).

Additionally, E(Z;) =0, E(Zj—1) =yiusd; and for j =
1,---,J=2,

E(Z) = mujy1djy1 +bE(Zj11) = yiuj1dj1 + byiwj12dj 12

=J
ot B ITTE(Z ) = Y B wd;
i=j+1
(A.9)

Proof of proposition 5.
Proposition 5. The expected sales income throughout the
entire renewal cycle, denoted as E(R), can be expressed by

i=j j=J
[T =p)+rd pum
j=l

i=1

i=j—1

H (1—pi).

i=0

j=J

ER)=r) wd
j=1

15)

Proof.

Let E(R;) represent the expected remaining sales income bey-
ond time #;, given that the process is in-control at #;. As the
sales income is defined as the income generated from the in-
control process, the expected duration of a renewal cycle can
be written as

E(R)Z(l—p1>(ru1d1+E(R1)) +p1ruiTi. (A.10)

Obviously, E(R;)=0, and E(R;_1)= (1 —p,)rusd;+
pyruyTy. Forj =1,--- J—2, E(R;) can be expressed by

E(Rj) = (1 =pjt1) (ruj11dj 41 + E(Rj41)) + Pj+ 17U 41T 41
(A.11)

By successively substituting £(R;) into the equation (A.10),
we acquire the E(R) as in the equation (15).
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