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Abstract

Estimating the moments of stochastic systems is a relatively common problem in engineering
uncertainty quantification and reliability analysis. Dimension-reduction integration methods
(DRIMs), derived from dimension-reduction models, provide the theoretical foundation for
converting the high-dimensional integrals involved in stochastic system moment estimation into
sets of low-dimensional integrals over component functions. These methods have emerged as
important approaches for moment estimation. This paper provides a comprehensive review of
existing DRIMs for stochastic system moment estimation, including a review of
dimension-reduction models, DRIMs for moment estimation, and the combination of these
integration methods with advanced numerical integration algorithms. Finally, the outlook and
conclusion section identifies challenges and promising future research directions for DRIMs,
thereby providing a foundational reference for researchers and practitioners in the field.
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Nomenclature

Abbreviations

BDRM Bivariate dimension-reduction model

BDRIM Bivariate dimension-reduction integration
method

CUT Conjugate unscented transform

DRIMs Dimension-reduction integration methods

ECUT Enhanced conjugate unscented transform

GQR Gaussian quadrature rules

GF-DRIM Generalized factorized dimension-reduction
integration method

H-DRM Hybrid dimension-reduction model

HDMR High dimensional model representation

HDRIM Hybrid dimension-reduction integration method

HUT High-order unscented transformation

MEM Maximum entropy method

MCS Monte Carlo simulation

M-UDRM Multiplicative univariate dimension-reduction
model

M-UDRIM Multiplicative univariate dimension-reduction
integration method

M-VDRIM Multiplicative vector-based
dimension-reduction integration method

M-BDRM Multiplicative bivariate dimension-reduction
model

M-BDRIM Multiplicative bivariate dimension-reduction
integration method

M-EDRM Multiplicative exact dimension-reduction model

PDF Probability density function

PNTT Polynomial normal transformation technique

RDRIM Reliability-based design optimization

RBDO Refined dimension-reduction integration
method

RDO Robust design optimization

SPA Saddle point approximation

SGI Sparse grid integration

UDRM Univariate dimension-reduction model

UDRIM Univariate dimension-reduction integration
method

uT Unscented transformation

Va-DRMs Variable-based dimension-reduction models

Ve-DRMs Vector-based dimension-reduction models

VDRIM Vector-based dimension-reduction integration
method

Notations

a Multi-index vector

G Input—output mapping

Gi(Os) Component function associated with Oy;

Geon Constant term

Gi* Component functions for dgim<?2

G/" Component functions represented by an

un-truncated Va-DRM
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qth order raw moments

qth central moments

Number of random variables in Og;
Number of random variables in @y;
Number of quadrature points

Number of abscissas for CUT methods
Dimension of numerical integration in HUT
method

Dimension of random input vector

Count of sub-vectors with dgim < 2
Truncation order

Quadrature nodes in GQR

Abscissas in CUT method

Integration points in HUT method
Sub-vector of Os. excluding coordinate Os;
Weights in GQR

Weights in HUT method

Weighs in CUT methods

System response

Random input vector

Sub-vector of @ excluding O;

Random variable

Reference point

kth sample of O,

Sub-vectors of 8. excluding the ith coordinate
Sub-vectors of 8. excluding the i;th and i>th
coordinates

Sub-vectors of 6. excluding the corresponding
coordinates of ©;,,6;,,...,6;

Reference points of (Os;,Os,,...,0Os,)
Corresponding coordinates of @g;
Reference points of @;

ath variable of @y;

bth variable of Og;

Sub-vectors with dimension dgjm < 2
Sub-vectors with dimension dgj,m > 3
Distribution domain of @

Expectation

Mean

Marginal PDF of ©;

Standard deviation

Coefficient of skewness

Coefficient of kurtosis

A small positive real number

Indicator function

Reference point sets in CUT methods
Nodal coordinates of the ith-dimension at level
for SGI

Non-negative integer signifying the precision
level for SGI

Tensor product operator

Number of exclusive subsets for SGI
Additional weight factor

a sequence function
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1. Introduction

In civil, mechanical, electrical, and other engineering dis-
ciplines, as well as in scientific disciplines such as applied
mathematics and information science, systems are inherently
subjected to various sources of uncertainty. These uncer-
tainties stem from intrinsic physical randomness, such as
manufacturing errors [1-6], geometric defects [7-9], and
boundary constraints [10-14] and external excitations includ-
ing hurricanes [15-18], earthquakes [19-21], and icing [22—
25]). The propagation of these uncertainties through com-
plex system models (e.g. nonlinear finite element analysis,
computational fluid dynamics) leads to stochastic responses.
Accurately quantifying response uncertainty is not an end
in itself but a critical prerequisite for foundational tasks
in reliability science and engineering, such as reliability
analysis, risk assessment, and reliability/robust-based design
optimization.

From a probabilistic perspective, the complete character-
ization of a stochastic response is given by its moments
or PDF [26-29]. However, directly estimating the PDF for
high-dimensional systems is often intractable. Consequently,
statistical moments—including the mean (central tendency),
variance (dispersion), skewness (asymmetry), and kurtosis
(tail heaviness)—serve as fundamental proxies. They fulfill
a dual role: firstly, they describe key distributional char-
acteristics; secondly, they facilitate the reconstruction of
the response PDF through techniques like the Pearson dis-
tribution families [30], SPA [31], PNTT [32], distribution
reconstruction methods [33], MEM [34, 35], or iterative
MEM [36, 37]. It is precisely this dual utility that makes
the accurate and efficient estimation of moments a corner-
stone of uncertainty quantification. Nevertheless, for high-
dimensional systems lacking an explicit functional form, the
computation of moments involves high-dimensional integ-
rals, which confronts the notorious ‘curse of dimensional-
ity’. This renders traditional numerical quadrature infeas-
ible and mandates computationally intensive simulations,
making the development of efficient methods a pressing
challenge.

To address this challenge, numerous efficient moment
estimation methods have evolved into five primary paradigms:
(1) sampling-based methods including (Crude MCS [38],
Latin hypercube sampling [39]) and Quasi-MCS with low-
discrepancy sequences [24, 40]; (2) Bayesian integration
methods through probabilistic integration frameworks [41—
43]; (3) deterministic point-selection methods encompassing
point estimate methods [44—-49], SGI [50-53], cubature rules
[54, 55], UT [56-59], and CUT [60-63]; (4) surrogate
modeling-based methods using metamodels [64, 65]; and (5)
DRIMs [66-80]. While each paradigm has its merits, there
remains a critical need for methods that are both theoretically
rigorous and computationally efficient for high-dimensional
integration.

Among these paradigms, DRIMs have emerged as a
particularly powerful and theoretically grounded frame-
work. DRIMs leverage dimension-reduction models to
decompose a high-dimensional integral into a collection of

lower-dimensional integrals, thereby effectively mitigating
the curse of dimensionality. While several DRIMs have been
proposed and successfully applied, the literature lacks a uni-
fied framework that systematically categorizes these meth-
ods, elucidates their theoretical connections, and synthesizes
their integration with advanced numerical schemes. This gap
hinders researchers and practitioners from gaining a holistic
understanding and making informed choices.

To address this gap, this review provides a comprehensive
and systematic examination of DRIMs for moment estimation.
The specific contributions of this work are threefold:

(1) To establish a clear taxonomy of dimension-reduction
models (variable-based, vector-based, and hybrid) and
their corresponding integration methods and provide a crit-
ical analysis for DRIMs.

(2) To synthesize the integration of DRIMs with advanced
numerical algorithms (e.g. HUT, CUT, SGI), highlighting
synergistic advancements.

(3) To critically discuss persistent challenges and outline
promising future research directions, thereby providing a
roadmap for the continued evolution of this field.

The remainder of this paper is organized as follows:
section 2 formally defines moments of random response func-
tions. Section 3 categorizes and critically analyzes prevail-
ing dimension-reduction models. Sections 4 and 5 synthesize
DRIMs and their methodological enhancements for stochastic
system moment estimation. Finally, sections 6 and 7 dis-
cuss emerging research trajectories and presents concluding
insights on DRIM advancements.

2. Definition of response function moments

For general moments estimation problems, the mapping rela-
tionship between a Ngy,-dimensional random input vector
O =[0,,6,,...,0y,.]" and the system response Z is defined
as:

Z=G(0) )]

in which G: RMim — R represents the input—output mapping.
The gth order raw moments Mz, and central moments mz,
of Z are respectively given by:

Qo

mzy =B (2= 2)') = [ 6(6) - zl'pe (6)d6

2

in which Qg denotes the distribution domain of @; pe(0) is
the joint PDF of @; E(-) denotes the expectation and pz =
E[Z] is the mean.
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When components of @ are mutually independent, the joint
PDF factorizes as:

Ndim

[1re. (6) 3)
i=1

re(0) =

where pe, (6;) is the marginal PDF of ©,.

The conversion between the first / raw moments Mz,
and central moments mz, of Z is governed by the binomial
expansion:

q
Mzq = Z <q> ()" Mzp(uz) ™ g <L “)

k=0 k

Key statistical descriptors derived from the first four raw or
central moments include:

Mean: iz = Mz

Standard deviation: oz = \/mz, = \/Mz2 — M,

Coefficient of Skewness:

_mgzz Mz —3MzpoMz + 2M§,1 (5)
FYZ_ 0—3 o 03
VA 7

Coefficient of Kurtosis:

mza  Mza —4Mz3Mz +6MzoM5, —3My

kz = = =
Z Z

3. Categorization and review of
dimension-reduction models

As the theoretical foundation for DRIMs, this section cat-
egorizes and synthesizes existing dimension-reduction mod-
els used to characterize system response functions Z = G(©),
comprising three classes: (1) Va-DRMs, (2) Ve-DRMs, and (3)
H-DRM containing both variables and vectors.

3.1. Va-DRMs

Va-DRMs approximate high-dimensional response functions
Z = G(O) using low-order component functions that depend
on reduced subsets of input variables, with both additive and
multiplicative formulations available. Specifically, additive
Va-DRMs, derived from HDMR [81-83], express the response
function as a summation of component functions:

E Gili2 (@im@iz)

i1 <i2<Ngim

Z:G(@)ZGo-FZGi(@t)—F

2.

I <ip<...<i<Ndim

+~~-+Gl,2,...,Ndim (@17@2a"'a@Ndim) (6)

+...+ Giliz...il (6[17@[2,~~~;9i1)

in which

Go=G(6.)
Gi(6))=G(6.0;,

Giliz (@il ) @iz) =G <9i1 ) Qizagiliz’c) - Gil (@il)
- Giz (Qiz) — Gy

)~ Gy

Gl'liz"-l'l (Qim@izv"'

-

{2 jim1 Y CHivia--ir}

-

{2 iy CHivia--ir}

aeh):G(@im@iza'”veima‘ )

—l]l‘zﬂ'i[,C

Gjl.fZ"'jl—l (9;‘1,91‘2’ T ’@.i/—l)

Gjl.iz“'jzfz (91‘1 ) sz’ e 7@1‘/72)

= Y Gi(©) =Gy
JCHiip--ir}
(7
where 6, = (0c,,,0c,5, .-, 0c Ny ) denotes the reference point,

0, . denotes sub-vectors of 6, excluding the ith coordinate,
9: e is sub-vectors of 8. excluding the i;th and i,th coordin-
ates, 0, ;, ; . is sub-vectors of 8. excluding the corresponding
coordinates of ©;,,6;,,...,0;.

When the truncation order is set to s, the system response
Z can be characterized as:

7 o G(sfﬁDMR) (@)

=Go+ Z Gi(6:) + Gi;, (0:,,6))

>

1<) <i2 <Ngim

+ .+ Z Giliz"'i.v (8[176527"' 785.\-)' (8)

i <ip <<l

Moreover, an equivalent formulation to equation (8) was
established by Xu and Rahman [67], expressed as:

Z=G(O) zi(_l)r( Naim —s+7—1 )

r
r=0

<)

H<ir<..<is—,

G (Qil ,6iy, ... ’Ql}_ﬂgiliz...iy,,,c)' €))

Multiplicative Va-DRMs originate from either factorized
high-dimensional model representation [84, 85] or multiplic-
ative dimension-reduction model [86, 87]. The s-variate trun-
cated multiplicative form can be expressed as [36]
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Ndim

Ndim
Z~ry [H(l +1:(65))

H (1+ri1i2 <9i17@i2>)

in which

ro = G() = G(HC)

i=l ij,ip =1 ri(6;) = 7(@”@ ‘)
i <ip Gy
. (@ 9 ) GOG(@“’@INf”lZ L) _1 : (11)
Koo X [ H (1+ri1i2~-i; (Qilaeizv"'a@l})) " B (811?9116> (6127012 L)
h<ir<---<ls
(10
Remarkably, an equivalent formulation to equations (10)
and (11) was derived in [87]:
J
Z=G(O)
_ Ndim - k] —1
S1 — k
H H G(9i170i2a"'79ik17Qili2---ikl .,C)
ki =s,5—2, 1<ii<ipa<---
s—4,... | <ix < Niim
(12)
- Niim — k2 — 1
S2 — k
1 1 G (10 0 By
ky=s—1,5—3, I<ji<p<---
s—5,... <Jk, < Ndim
For practical implementation of additive or multiplicative e Multiplicative
Va-DRMs, the truncation order is commonly set to s = 1 or 2,
yielding the following simplified representations: Z=G (@)
Ndlm
GO N TTG (6,8, ), fors=1;
e Additive 1;[1 (©:-6:c)
(Ngim —1) (Naim —2)
- (G (6c)] : H G (@ll ’@lz’fnlz C) ’
~ 1< <i2 <Ngim
Ndim Naim =2 ’
Z=G(O) {H G(@zvela]
Nim =1
ZG i8;c) — (Nam — 1) G (8,) fors = 1; fors =2
(14)
Ndlm
~ ZG 8117612’011126 Ndlm ZG la lC
i1<iy For these equations, the s = 1 case corresponds to the
N2 — 3Ny 2 UDRM [66] for equation (13) and the M-UDRM [86] for
1+ S = 2 609.) for s = 2. guation (19

2

13)

equation (14). Similarly, the s = 2 case yields the BDRM [67]
for equation (13) and the M-BDRM [87] for equation (14).
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3.2. Ve-DRMs

Ve-DRMs, derived through the vector classification approach
[37, 88], represent the response function via component func-
tions corresponding to sub-vectors. The vector classification
process first identifies interaction terms ©;, and ©;, in G(©)
through the following procedure:

[ (9“ oN) ) (0“ 0" 9

it Vi ) Zhig,e i ' ? 1112L

[ (9(2) 02) 0. ) (9(1) 9(2)

i Vip ' Zi,c i 270 ’—l]lz,c

min{[[ (67.6".8,,.) - (9,2‘ 0.0, C)]
(602 ,.) -6 (0.0 ,..)] )

5)

where Ht(k) (k =1, 2 and t = i, j) denotes the kth sample of
©,, € represents a small positive real number. Subsequently,
the indicator function Qg(6;,,0;,) quantifying interactions
between ©);, and ©;, is defined as

1, if cross terms of ©; and ©;, exist
0, otherwise

0:(6;,,6;,) = {
(16)
Using equation (16), we verify whether the condition in

equation (17) is satisfied. If satisfied, @g; and @yg; can be par-
titioned into independent sub-vectors:

ZZQG 95! H,@Sj b)

a=1 b=1

a7

where Og; , and Og;;, denotes the ath variable of @g; and the
bth variable of @y;, respectively, and m; (or m;) represents the
number of random variables in @g; (or ;). Through this pro-
cess, the original vector © in G (@) decomposes into p; sub-
vectors, i.e. Og;,Bs,,..., B, , satisfying

QG(@Slv(—)Sj):Ovla]:laza7pt andl#] (18)
where p; denotes the number of sub-vectors.

The system response Z is then characterized by the super-
position of component functions corresponding to these sub-

vectors [63, 88], i.e.

}:c (O5) + (6s)  (19)

1*Pt)

in which eSc: (051,07052,07"'
erence points of (Og,Os,,...
ents the corresponding coordinates of Og;;

G(HS] R ERE
ponent function associated with @g;.

;0sp: ) denotes the ref-
,@5,;) and Og; . repres-
Gi(Os;) =
,95(,-_1)70,@5,-,05(,»+1)7C,...,Gs ) is the com-

Pt ,C

Notably, analogous to the additive approach, Wang et al
[37] proposed the multiplicative vector-based dimension-
reduction model, also termed the M-EDRM:

Pt
Z=G(O)=G(0s.) " HGi (Osi)
i=1

(20)

where a nonlinear transformation ensures positivity of the
response function. As this model primarily serves fractional
moments estimation for structural reliability analysis [37], its
detailed theoretical derivation is beyond this paper’s scope.

3.3. H-DRM

The H-DRM, incorporating component functions for both
individual variables and sub-vectors, is also termed the refined
dimension-reduction model and was established by Wang et al
[89]. This model decomposes the response as:

Z G, @Vec

i=l1
———
Component function of

random vectors (dgim < 2)

Z=G(O)=

Pi—Dv
+ Z G; (651,9523"'

i=1

Oty Vs ) + (1= ) G (O5:)
~—_—

Constant term

Component function of
random variables (dgim > 3)

A ZGvec + Z Gvar + Geon (1)
i=l
Gl\']ar = Gi (@il 9 9i27 e 791}1{““1 7Ei,Sc>
s
_ r ddim —s+r—1
=Sy (BT
r=0 i1 <ip<...<is—,
G (01,6110 By i e ise) 22)

in which v;g. represents a sub-vector of 6. excluding
coordinate Os;.; O and OF" represent sub-vectors with
dimension dgiy, < 2 and dgin, > 3 respectively; p, is the count
of sub-vectors with dgim < 2; Geon denotes constant term; G
denotes the component functions for dgim < 2; G is the
component functions represented by an un-truncated Va-DRM
when s = dgip.

For high-dimensional sub-vectors, further truncation to
order s < dgin is required. This necessitates a generalized
interaction indicator Qg (0;,,6;,,- - -,0;,) for the interaction
terms of @,’1 y 9,’2, Ty @,‘, [89]

Q06 (0:,0,,, -+,

@il): H QG( 7] lm)

1<k<m<l
| 1, if the cross terms of ©;, and ©);, exist
“ 1 0, otherwise
(23)
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Table 1. Comparative summary of dimension-reduction models.

Model category Key advantage

Primary limitation

Ideal use-case

Additive Va-DRMs High computational efficiency;
general applicability

High accuracy/efficiency for
multiplicative systems &

positive-valued responses

Multiplicative Va-DRMs

Ve-DRMs High accuracy by preserving
interaction structure between
sub-vectors

H-DRM Optimal balance for complex

systems; versatile and robust

Large truncation error for
strong/high-order interactions

Not directly suitable for non-positive
responses

Computational cost can be high if
sub-vectors are high-dimensional

Highest implementation complexity

High-dimensional screening; systems
with weak additive interactions
Systems with multiplicative
interactions.

Systems decomposable into
independent, low-dimensional
subsystems

Systems with mixed interaction
strengths (strong localized and weak
global effects)

By integrating equation (22) with equation (23), unne-
cessary interaction terms in G{* can be further eliminated.
Crucially, this identification incurs no additional computa-
tional cost, as equation (23) directly utilizes results from the
vector classification phase.

The H-DRM synergistically integrates the advantages of
Va-DRMs and Ve-DRMs through a two-stage dimension-
reduction framework: (1) precise component representation
via vector classification; (2) secondary dimension reduction
of moderately/high-dimensional component functions using
additive Va-DRMs. This dual-phase approach minimizes trun-
cation error by preserving low-dimensional vectors and retain-
ing statistically significant variables. Consequently, the H-
DRM simultaneously addresses two critical limitations: (1)
large truncation errors in Va-DRMs (particularly additive
forms) for strongly interacting systems; (2) computational
inefficiency in Ve-DRMs when handling high-dimensional
component functions.

3.4. Comparative analysis: advantages and limitations

The choice of an appropriate dimension-reduction model is
pivotal for balancing computational efficiency and estimation
accuracy in engineering applications. This section provides a
comparative analysis of the three categories of models, with
their key characteristics summarized in table 1.

Va-DRMs, particularly in their additive form with low trun-
cation orders (s = 1, 2), are celebrated for their remarkable
computational efficiency, which makes them feasible for very
high-dimensional problems. The primary limitation of Va-
DRMs is their inability to fully capture strong interaction
effects among input variables beyond the specified truncation
order. For instance, UDRM (s = 1) completely neglects all
interactions, which can lead to significant truncation errors for
systems with pronounced coupling or nonlinear interactions.
While BDRM (s = 2) can capture pairwise interactions, it may
still be insufficient for systems governed by higher-order inter-
actions. Consequently, additive Va-DRMs are best suited for
problems with weak to moderate interactions or as a highly
efficient first approximation.

Multiplicative Va-DRMs (e.g. M-UDRM, M-BDRM) offer
a significant advantage for a specific class of problems: they
provide a more natural and compact representation for systems

with inherent multiplicative interactions or positive-valued
responses. This makes them highly efficient for fractional
moment estimation, which is crucial for reliability analysis.
Their principal limitation is the requirement for a strictly posit-
ive response function, as negative values necessitate nonlinear
transformations that can compromise accuracy.

Ve-DRMs address the core limitation of Va-DRMs by
explicitly identifying and grouping interacting variables into
sub-vectors through the vector classification process. This
allows them to precisely characterize the true interaction
structure of the system, effectively eliminating truncation error
associated with unaccounted high-order interactions between
sub-vectors. This makes Ve-DRMs highly accurate for sys-
tems with known or identifiable clustered interactions. The
main drawback is their computational dependency on the out-
come of the vector classification. If the decomposition results
in one or several high-dimensional sub-vectors, the computa-
tional cost for evaluating these components can become pro-
hibitive. Thus, Ve-DRMs are most powerful when the system
naturally decomposes into low-dimensional, weakly interact-
ing sub-systems.

The H-DRM was developed specifically to synergize the
strengths of aforementioned models while mitigating their
weaknesses. It leverages the precision of vector classifica-
tion to preserve low-dimensional interacting groups (dimen-
sion < 2) but applies a secondary variable-based decomposi-
tion to any remaining high-dimensional sub-vectors. This two-
stage approach optimally balances accuracy and efficiency.
It minimizes truncation error by retaining significant low-
dimensional interactions in their exact form, while simul-
taneously controlling computational cost by breaking down
high-dimensional components. The trade-off is an increase in
conceptual and implementation complexity compared to the
simpler Va-DRMs. The H-DRM is particularly well-suited for
complex systems that exhibit a mix of strong localized inter-
actions within clusters and a larger set of weakly interacting
variables.

4. Review of DRIMs for moments estimation

This section reviews three categories of DRIMs for
moments estimation, consistent with the classification of
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Dimension-Reduction Integration Methods (DRIMs)

L3 L3 +
P——— ,7 Base N Hybrid DRIMs
Variable-Based DRIMs (Va-DRIMs) Vector-Based DRIMs (Ve-DRIMs) | | 1T IS
I
Additive Formulation ‘ Multiplicative Formulation ‘ ‘
I ivar iplicati iplicati Generalized Addit Multiplicative
'““':;";’;;:;:)‘“M B“(";'l;“:";l';m UDRIM BDRIM Factorized DRIM| | Ve-DRIM Ve-DRIM R“g:;‘;:’"};“
(M-UDRIM) || (M-BDRIM) (GF-DRIM) (VDRIM) (M-VDRIM)
L L I I I I I I
¥
Numerical Integration Algorithms ‘
¥ ¥ ¥
Gaussian High-order Unscented Conjugate Sparse
Quadrature Rul Transformati Unscented Transfi Grid Integrat
(GOR) (HUT) («cun (SGI)

Figure 1. A flowchart illustrating the classification of DRIMs for
moment estimation in stochastic systems.

dimension-reduction models in previous section: Va-DRM:s-
based, Ve-DRMs-based, and H-DRM-based DRIMs. A flow-
chart illustrating the classification of DRIMs for moment
estimation in stochastic systems can be discovered in figure 1.
It is necessary to clarify that the DRIMs discussed in follow-
ing sections are formulated under the foundational assump-
tion that the comggonents of the input random vector @ =
[©1,0,,...,0y,,.] are mutually independent Gaussian dis-
tribution random variables. For problems involving dependent
random inputs or non-Gaussian distribution random variables,
transformations such as the Rosenblatt transformation [90],
Nataf transformation [91] or generalized Nataf transformation
[92] map them to standard Gaussian variates.

4.1. Va-DRMs-based DRIMs

The mean pz and the gth central moments mgz, of the sys-
tem response Z are derived from s-order truncated additive Va-
DRMs as [67]
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(25)

For practical applications, the truncation order is typically
limited to s = 1 or s = 2, corresponding to the UDRM and
BDRM. Using the UDRM (s = 1), the moments of Z are
derived as follows [66]

Ndim
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in which s, and its initial value are defined by the following
recursive relation:

6= ( i )g;_ga:[cfk(ol,c,az,c,...,en)],

k=0

st =E[G'(01,02¢,...,00c)],i =0,....,q. (28)

Notably, equations (26)—(28) require solely one-
dimensional integrals that can be evaluated using GQR. This
computational framework constitutes the UDRIM.

The moments of Z are derived from the BDRM as follows
(931,

Nim
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If the interaction terms of ©; and ©; are identi-
fied as 0, ie. Q¢(6;,6,)=0, E[G(6,6;,6;.)] and
E[(G(61,6;,0;.) —pz)] in equations (29) and (30)
become [94],

E[G(6,6;,8;.)]

Jr Zij,c
=K [G (@i7gi,c) +G(67’Qj7c') _G(a“)] 3D
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q! ks
= > Tl 12 = G (6c)
ki+ky+k3=q
XE[(G(61,8,0) —1z)"| xE[(G(61,8,) —12)"].
(32)

Subsequently, the expectation operators acting on func-
tions in equations (29)—(32) are evaluated using the following
expressions:
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where the quadrature nodes u;;, and weights w; ;, are determ-
ined via GQR for the standard Gaussian random variables,
mgy is the number of quadrature points. To facilitate the
description, we designate equations (29), (30) and (33) as
the BDRIM, while equations (29)—(33) constitute the adapt-
ive BDRIM. The choice of the truncation order s is critical in
practical applications of Va-DRIMs, as it directly governs the
trade-off between computational cost and estimation accur-
acy. While lower orders (s = 1,2) are most common, a prin-
cipled strategy for selection enhances methodological robust-
ness. The following guidelines are proposed: (i) default to uni-
variate decomposition (s = 1): for initial analysis where the
response function is suspected to be weakly nonlinear and
additive, the UDRIM (s = 1) offers the best computational
efficiency. Its cost scales linearly with the dimension, making
it suitable for very high-dimensional problems. (ii) Screen for
Interactions to Justify s = 2: the presence of significant inter-
action effects among input variables is the primary justifica-
tion for employing the BDRIM (s = 2). The indicator function
0c(6;,,0;,) provides a quantitative tool for this screening. A
pre-processing step that computes Qg(6);,, ©;,) for a sample of
variable pairs can identify if strong interactions are prevalent.
If so, the BDRIM is necessary to capture the system’s beha-
vior accurately. This is the foundational idea behind adaptive
methods like the Adaptive BDRIM [94] and the Hybrid DRM
[89].

Analogous to UDRIM and BDRIM, the gth order raw
moment of Z derived from multiplicative univariate and
bivariate DRMs (M-UDRM and M-BDRM) is expressed
as [86, 87, 95, 96]:

(6]~ HE

~ (Ngim —1) (Vgim —2) 1< H< E[G(Qi”@iz’gilfz,C)q]
[G(eb)]‘l’dunf(hm 1<y <ia < Ngim

NH“
ITE[G (©1,8; )] Mon =2
i=1

@,,9 } s=1;

s=2

(34)
in which E[G(6,,6,.)'] and E[(G(6,,6;,6;.))"] in
equation (34) are computed via GQR. Equation (34) defines
the M-UDRIM for s = 1, and the multiplicative M-BDRIM for
s = 2. Notably, equation (34) was derived by applying the mul-
tiplicative dimension-reduction model to the moment function
(G(©))" or (G(O) — pz)?, specifically for s = 2. However,
since the component functions G (6;,,6;,,8;;, .),1 <ii <
i» < Ngim and G (6,,01 C) i=1,2,...,Ngn in equation (34)
are not necessarily mutually independent, the expectation of

their product cannot be directly expanded [36]:
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To resolve this limitation, the idea of applying the multi-
plicative dimension-reduction model directly to the original
response function Z = G(©) was proposed by Wang et al [36].
This approach yields the first g-order raw moments of Z as
[36]
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Particularly at truncation orders s = 2, 3, equation (37) reduces to the following simplified forms:
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The computational cost of moment estimation comprises
two components: function evaluations and numerical integra-
tion operations. For complex engineering problems, function
evaluation necessitates extensive structural re-analyses (e.g.
large-scale finite element analysis and computational fluid
dynamics simulations). Given that numerical integration costs
are negligible compared to structural re-analysis expenses,
computational efficiency is primarily gauged by function eval-
uation requirements. As evidenced by equations (36)—(38),

while the dimensionality of numerical integration remains
unchanged, function evaluation costs (and thus structural
re-analyses) are substantially reduced, ie. »_;_,Cj. mgy
instead of szvde For s << Ngim (e.g. s = 2 or 3), this approach
mitigates the curse of dimensionality in structural re-analysis.
For the sake of clarity, equations (36)—(38) are noted as the
GF-DRIM.

Furthermore, several enhanced techniques have been
developed based on s-order truncated Va-DRMs [97-101],
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such as the advanced decomposition schemes for two-
dimensional integrals [97], the significant variable identifica-
tion techniques [99, 100], and the increase in truncation order
[101].
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If G;(Osg;) is a univariate function, its moments are com-
puted as follows:
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where ©; denotes a sub-vector of @ excluding O;, and 6,
represents the reference points of @;.

For G;(Og;) with multiple variables, the moments of
G; (Oy;) are evaluated by
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lam=1

where v; s, represents a sub-vector of g, excluding corres-
ponding coordinates of Og;. As equations (39)—(42) derive
from the Ve-DRM, this computational framework is des-
ignated the VDRIM. In parallel, the M-VDRIM has been
developed for fractional moments estimation [37]. Due to its
reliance on nonlinear transformations, M-VDRIM is currently
limited to fractional moments-based structural reliability ana-
lysis. Its extension to general moments estimation requires fur-
ther investigation.

q,9 =2

4.2. Ve-DRMs-based DRIMs

Based on the summation-form Ve-DRM, the moments of Z can
be calculated as follows [88]:

(39)

: 7pf)

4.3. H-DRM-based DRIMs

Based on the theoretical framework of the H-DRM, the first ¢-
order raw moments Mz, of system response Z are expressed
as [89]
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Solving equation (43) requires evaluating integrals of
GY*° + Geon/ pr and GY* 4 Geon/ pi- Specifically, the g-order
moments of G+ Geon/p, are determined through low-
dimensional GQR:
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For moments estimation of GY* + Geon/ps, [89] dir-
ectly apply dimension-reduction models to the component
functions GY™ + Geon/ p, rather than the moment functions
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(GY*™ + Geon/ pr)? to reduce the error caused by omitted inter-
action terms. Specifically,
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the sum form of a series of low-dimensional component func-
tions by equation (22) with s = 3, i.e.
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In summary, equations (43)—(48) synergistically integrate
the advantages of both variable-based and VDRIMs. This
approach is therefore designated as either the HDRIM or
RDRIM.

4.4. Comparative analysis for DRIMs

The preceding sections have detailed a wide array of DRIMs.
This section provides a comparative analysis of the reviewed
DRIMs, synthesizing their relative advantages, limitations,
and recommended use-case (applicability domains) as well
as some technical comparison (e.g. admissible distributions,
handling of dependence, algebraic precision) to form a prac-
tical selection guide. The summary and technical comparison
are provided in tables 2 and 3.

e UDRIM offers the highest computational efficiency,
making it feasible for very high-dimensional problems.
However, it ignores all interactions, leading to potentially
large truncation errors for systems with strong nonlinear
couplings. It is best suited for initial scoping or for prob-
lems where the performance function is known to be nearly
additive.

e BDRIM provides a good balance, capturing pairwise inter-
actions. It serves as a robust general-purpose method for
problems with low-to-moderate interaction strength. The
adaptive BDRIM further enhances this by using interaction
screening to reduce cost without sacrificing accuracy for
non-interacting variable pairs.

o M-UDRIM/M-BDRIM are inherently suited for such sys-
tems and are particularly powerful for positive-valued
response functions and fractional moment estimation, which
is crucial for reliability analysis using the MEM. However,
their application is complicated if the response can take non-
positive values, often requiring nonlinear transformations
that can introduce additional approximation error.

e GF-DRIM represents a different approach by applying a
multiplicative DRM directly to the original function eval-
uations over a full-grid quadrature scheme. Its main advant-
age is high accuracy for a given truncation order s (e.g.
s = 2 or 3) as it better preserves the structure of the original
function. The limitation is that its computational cost, while
drastically lower than a full tensor product, is still high when
s takes a relatively large value. Moreover, this method also
requires the response function to be positive.

e VDRIM excels in accuracy for problems with clustered
interactions by identifying statistically independent sub-
vectors. Its performance is highly dependent on the vec-
tor classification; it can be very efficient if sub-vectors are
low-dimensional, but costly if high-dimensional sub-vectors
emerge.

o HDRIM/RDRIM synergizes the above approaches. It is
the most versatile for complex systems with a mixture of
strong localized interactions (handled by vector decomposi-
tion) and a large number of weakly contributing variables
(handled by a secondary variable-based decomposition).
The trade-off is increased implementation complexity.
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Table 2. Critical comparison of DRIMs for moment estimation.

Method Key advantage Primary limitation Recommended use-case
UDRIM Highest computational efficiency; Neglects all interactions; large High-dimensional screening; systems
simple implementation truncation error for coupled systems with weak/univariate effects
BDRIM Good efficiency-accuracy balance; Inaccurate for strong higher-order Systems with significant pairwise
captures pairwise interactions (>2) interactions interactions; General-purpose use for
systems with low-to-moderate
interaction strength
M-UDRIM/ Natural fit for multiplicative systems Not directly suitable for non-positive ~ Systems with positive outputs and
M-BDRIM & positive-valued responses responses; more complex moment multiplicative interactions
derivation
GF-DRIM High accuracy for given truncation Higher cost if s > 2; Not directly Problems requiring high accuracy with
order s; preserves original function suitable for non-positive responses s = 2 or 3 where additive models show
structure well significant error
VDRIM High accuracy Cost can be prohibitive if vector Systems that naturally decompose into
classification yields independent, low-dimensional
high-dimensional sub-vectors subsystems
HDRIM Optimal balance for complex Highest implementation complexity Systems with mixed interaction
systems; versatile and robust strengths (both strong localized and
weak global effects)
Table 3. Technical comparison matrix of DRIMs.
Method Admissible distributions Handling of dependence Algebraic precision
UDRIM Any Yes Governed by 1D integration rule
BDRIM Any Yes Governed by 2D integration rule
M-UDRIM/M-BDRIM Positive-valued response Yes Governed by 1D/2D integration rule
GF-DRIM Any Yes Governed by integration rule and truncation order
VDRIM Any Yes Governed by integration rule for sub- vectors
HDRIM Any Yes Governed by integration rule for sub-vectors

Notes on the table:

(i) Admissible distributions & handling of dependence: All DRIMs can handle non-Gaussian and dependent input variables through an initial
iso-probabilistic transformation (e.g. Nataf or Rosenblatt transformation) to a space of independent standard Gaussian variables. The subsequent DRIM is

then applied in this transformed space.

(ii) Algebraic precision: This refers to the highest polynomial order that the numerical integration scheme used for the component functions can integrate
exactly. For example, if a 5-point GQR (9th order precision) is used for UDRIM’s 1D integrals, the method can accurately capture moments influenced by up

to 9th-order univariate terms.

5. Integration of dimension-reduction integration
methods with advanced numerical integration
algorithms

To enhance the computational efficiency of the DRIMs,
advanced numerical integration algorithms have been incor-
porated to partially or fully replace GQR in DRIMs [53,
61-63, 102-105]. This section reviews three principal integ-
ration techniques synergistically integrated with DRIMs for
moments estimation: the HUT method, CUT methods and SGI
methods. A fundamental distinction between the advanced
numerical integration algorithms discussed in this section
(HUT, CUT, SGI) and the traditional tensor-product GQR
lies in their approach to multidimensional integration. While
the full tensor-product GQR constructs points by a combin-
atorial outer product of 1D quadrature rules, leading to an
exponential growth of points (mGH)Nd““, HUT, CUT, and SGI
methods generate specialized, sparse point sets. These sets
are strategically designed to achieve a high algebraic degree
of precision for multidimensional integrals under specific
probability measures (e.g. the standard Gaussian measure)

using a significantly smaller number of points. The following
subsections review these methods and their integration with
DRIMs.

5.1. DRIM-HUT methods

The HUT method [106], developed from the foundational UT
method [107, 108], was initially applied in nonlinear filter-
ing. It has been progressively extended to high-order moments
estimation and reliability analysis [59, 109, 110]. Recent
research has integrated HUT with DRIMs [103, 104], yield-
ing computational frameworks summarized below.

Within the BDRIM framework, the raw moments of Z are
computed as:

Myy~ S E[(G(6163,0,.))"] — Nam—2)
i<j k=1
<E[(G (@k&k)c))q] n (Ngim — 1)2(Ndim —2) G7(6,)

(49)
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in which the one-dimensional integrals E[(G (6x,0,.))’]
are evaluated via five-point GQR, while the two-dimensional
integrals E (G (6;,6,8;.))"] are computed using the HUT
method. Specifically, the HUT method employs three dis-
tinct categories of integration points with associated weights,

defined as follows [106]:

(1) Category I:

ul =0,
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(50

where n; represents the dimension of numerical integra-
tion. When HUT method is applied to equation (49), n, is
taken as 2.
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where {sjj} = {/T/2(ec+e)  k<Lkl=12.. n}
{s, b i={V1/2(ex—e) : k<lkl=1.2,... ng}.

Notably, the parameter o in the HUT method signific-
antly affects the accuracy of the moments estimation, which is
recommended to set a = 7.2 [103]. And the integration points
of 2D space for the HUT method («w = 7.2) are also displayed
in figure 2. As illustrated in figure 2, although the HUT method
and the 3-point GQR share identical computational cost and
fifth-order algebraic accuracy, the integration points of the
HUT method are situated at considerably greater distances
from the origin compared to those of the 3-point GQR. This
configuration may enable the HUT method to more effect-
ively capture probabilistic tail characteristics of the integrand.
Consequently, the numerical evaluation of two-dimensional
integrals involving arbitrary functions is enhanced in accur-
acy, particularly for responses sensitive to distribution tails.

5.2. DRIM-CUT methods

The traditional CUT methods, also evolved from the UT
method, comprise three variants: CUT4, CUT6 and CUTS, ori-
ginally proposed by Adurthi et al [60]. Compared to UT and

25 e HUT
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Figure 2. The integration points of 2D space for the HUT method
(a=7.2)[103].

its derivatives, CUT methods achieve higher algebraic preci-
sion, with CUT4, CUT6 and CUTS attaining fifth-, seventh-
and ninth-order algebraic accuracy respectively. The dimen-
sional constraints of traditional CUT methods might appear to
limit their utility for high-dimensional global problems (e.g.
CUT6 and CUTS8 exhibit limited applicability to medium-
and high-dimensional integration problems, constrained to
dimensions <9 for CUT6 and <6 for CUT8 [63]), where
the dimensional limits of these rules stem from the theoret-
ical and combinatorial challenges of their construction (The
CUT rules are built by solving a system of moment-matching
equations to determine the coordinates and weights of a near-
minimal, symmetric point set. Beyond these limits, the sys-
tem of equations may have no solution or require an imprac-
tically large number of points, defeating the purpose of an
efficient rule). However, this limitation is effectively circum-
vented by the very framework of DRIMs in which they are
embedded. In practical implementation, CUT is not applied to
the full high-dimensional function G(®). Instead, it is applied
to the component functions generated by the Ve-DRM or
H-DRM decomposition. The vector classification process in
these models actively partitions the input variables into sub-
vectors @yg;. A key practical step is to ensure that the dimen-
sion dgi, of each of these sub-vectors is intentionally man-
aged to be within the operational range of the desired CUT
rule. If a sub-vector resulting from the primary decomposition
still has a dimensionality exceeding the CUT limit, a second-
ary decomposition using an additive Va-DRM (e.g. BDRIM)
can be applied specifically to that component. This recurs-
ive strategy—using Ve-DRM/H-DRM for the primary decom-
position and Va-DRM for any remaining high-dimensional
components—creates a hierarchical integration scheme. This
ensures that all final numerical integrations are performed over
low-dimensional spaces where high-order rules like CUT6
and CUTS are both applicable and highly efficient. Therefore,
through this multi-level dimension-reduction approach, the
high accuracy of advanced CUT methods can be leveraged for
stochastic systems of virtually any dimension.

Concretely, Wang et al [61-63] proposed the ECUT
methods through synergistic integration of DRIMs and
variable transformation technique. This innovation extends
applicability to arbitrary-dimensional problems with diverse
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$> [(e CUT points

Figure 3. The axes and the reference points of 2D space for the CUT methods [63].

Table 4. The comparison of number of integration points for CUT methods and GQR.

Number of points

Method Ngim =2 Ngim =3 Ngim =4 Ngim =5 Ngim =6
CUT4 9 15 25 43 77
3-point GQR 9 27 81 243 729
CUT6 13 27 49 83 137
4-point GQR 16 64 256 1024 4096
CUTS8 21 59 161 355 745
5-point GQR 25 125 625 3125 15 625

variable distributions. By integrating the VDRIM into tradi-
tional CUT methods for moments estimation of G (Oyg;) with
multiple variables, the moments of G (Oy;) in equation (39)
are derived as follows [63]:
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Herein, r; and w; are computed via equation (56) for the
CUT4 method. For CUT6 and CUTS8 methods, these para-
meters are respectively tabulated in appendix A (tables Al
and A2). The reference point sets o;, ¢ and s}* (hs) are defined
by equation (57), while figure 3 illustrates the coordinate
axes and reference points in 2D space for the CUT methods.

c 2 . c .
Wi on 1ons = F3CT ;Wi o yon, = W3, for 1 < i

¢ — un e _
Wi o ion2 = T4C;" s Wi fon 1o 2 = wy,for 1 <

mg, 4 =E[G (@sisvise) — s,
mcyt —1
W? [G (utll,ia u;,i, cee 7u§d,m,i7gl‘,5¢-) - /.LG,-] !
i=0

(54)

where mcyt denotes the number of abscissas for CUT meth-
ods, uj = {u ;,u3;,...,ug, . }and wj represent the abscissas
and weighs for CUT methods, respectively, which is com-
puted as follows [63, 111]

for 1 <i < 2ny;

c _ n C _ ; s,
Wiy, = 120G s Wiio, = wy,for 1 <i <2%;

ns2 — 2ny;

<2
i <2'ng;

(55)

c yx C — ; .
Ui ontiyon2 = T5C Wiy guer 10,2 = Ws,for 1 < <ony;

c _ g C — ; .
U] ot pon2 = 1687 (M) Wi 4 hontr 0,2 = We,Tor 1 <i <ng2™;

Besides, the comparison of number of integration points for
CUT methods and GQR is listed in table 4. This comparative
analysis reveals that for a given level of algebraic accuracy, the
CUT methods exhibit a substantially reduced computational
cost relative to the GQR. This efficiency advantage becomes
particularly pronounced in high-dimensional problems, where
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the number of function evaluations required by GQR grows
exponentially, while that of the CUT methods increases at a
markedly slower rate. Consequently, the CUT methods offer
superior computational efficiency while maintaining equival-
ent numerical precision.

e

i=1,2,...,n2"

in which &g represents a scaling parameter.

When the dimensions of G (@y;) are still greater than the
dimensional limits of CUT methods, the moments of G (@y;)
are calculated by [63]

He; = ZE [QG (Osic,Osic) G (Osic, Osic, 0 e iorV ise)

¢<s
+(1-0Q¢ (@s,-’g, 9Si,§))
G (QSi,g,Qg,icaK i7Sc)
X
+ G (@Si7g7Q(,ic7K i,SC) - G (QiL-?K i’SC)

dgim

~(N=2) E[G(Osi,0 0o 15.)]
=1

+(N—1)(N—2)

5 G(Os.)

(58)

mg;,q ~ 2 :E

¢<s

+ (1 =06 (B¥sic,Osixc))

y (G (Osic,0¢icr? ise)
+G (Bsic, 0 ierv .

s0) —G(8,0.v ,~,s¢-)>
ddim
—(N-2) Z]E [(G (QSi,an,icaK i,Sc))q}
=1

MUEIIES

(06 (Bsiyc+Osic) G (Bsic Osic, 0 ¢c ics? ,-,SC)

7/U’Gi)q

(G (056) - ,qu)q
(59)

in which 8 , ;. and 6 . ;. denote sub-vectors of O5; . exclud-
ing corresponding coordinates of Bs; ;, Os; ¢ and Os; . respect-

ively. For the two-dimensional integral in equations (58)

2<m<n;,i=1.2,...2"C)}

wo=1-—2nw; —2"w,

ng+2 4
re=1/ ;oW =
2 (ns—i—Z)2

- (”s_2)2
27 on(ny 4 2)2

(56)

oie{(ke)kCZ},i=12, .. 2n,7Z =112, n}

Mg
i (iel,iez,...,iem\) ejE{O,l}ﬂZej:m 5
j=1

(57)

7 (hy) € < (Leq,Ley, ..., Ley) eje{hx,l}ﬂZej:ns—l—&—hS )

Jj=1

and (59) when Q¢ (Osic,Osic) = 1, the abscissas u
and weights w{ from two-dimensional CUT methods are
employed. All one-dimensional integrals are evaluated using
GQR.

5.3. DRIM-SGI methods

Traditional SGI methods leverage the Smolyak algorithm to
construct specialized tensor rules that eliminate integration
points with minimal accuracy contributions. The sparse grid
point set is defined as [112-119]

N(©) = U N©@)aN5@,)

& +1<al <& +Naim

®..N; (@) ®...0N;_ (Oy,) (60

in which Nf (O;) represents the nodal coordinates of the ith-
dimension at level &, ¢ represents a non-negative integer sig-
nifying the precision level; ® denotes the tensor product oper-
ator; and a = (a, as,..., ay,, ) denotes a multi-index vector
with [, = ¥ a,

Although traditional SGI methods enhance computational
efficiency compared to full tensor-product integration, they
still suffer from significantly growing computational costs
with increasing dimensionality and precision requirements,
as quantified in table 5. To mitigate this limitation, the point
mapping strategy (PMS)-SGI method was proposed [53]. This
approach partitions the sparse grid point set into mutually
exclusive subsets while strategically eliminating non-essential
reference points, as visualized in figure 4.

According to the HDMR-based PMS [53], the sparse
grid point set decomposes into subsets with distinct effective
dimensions:
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Table 5. The number of sparse grid points for £ =2 and 3 [53].

Naim(§ =2) nscl nsGI, | nsGl1,2 Naim(§ = 3) nsGl nsGl,1 nsGl,2 nsG1,3
5 61 21 40 5 241 41 120 80
10 221 41 180 10 1581 81 540 960
15 481 61 420 15 5021 121 1260 3640
20 841 81 760 20 11 561 161 2280 9120
25 1301 101 1200 25 22201 201 3600 18 400
30 1861 121 1740 30 37941 241 5220 32480
@ Necessary reference points @ Mapping points
(a) PMS-based SGI: No interaction (c) PMS-based SGI: Strong interaction
Figure 4. The integration points of traditional SGI and PMS-based SGI methods for £, Ngim = 3 [53].
a €T(&,Nam) ={1<a; €Nt (i =1,...,Ngim) : £ +1 < |a| <& + Ngim } (61)
T1 (faNdim) = {a = (1,...,ai,...,1) L a; 2 l,i = 17-~-,Ndim}
T2 (5 aNdim) -
{a: (L"':ain"'aaiza'"71) L 22,(1,‘2 2231 <ir<iz gNdim}
T(&,Naim) = : (62)
T (€, Naim) =
if g < Ngim,a = (17...,(,117...,612,..,61,',...,]) ra; =2, = 1,...,§
if £ > Ngim,a = (a1,az,...,any,) 1 a; = 2,i =1,...,Ngim

in which 8 = min{{, Ny, } denotes number of exclusive
subsets.

Based on equation (62), the sparse grid points are repres-
ented as follows:

N(@l,ez,...,@]\]dim) =R, (@i,O) UR, (@il,@iz,O)U
—_——— Y—}/ —

a€T(& ,Naim) a€Ti (€ ,Naim) a€T>(& ,Ngim)

UR& (@ilagiza""@iNdim’O) ’

a€Te (& ,Naim)

(63)

By means of equation (63), Mg , can be represented as a
sum of multiple integrals over the sparse grid point sets with
distinct effective dimensions [53]

Mg

q

> Mg, (0)+

a€cT (f 7Ndim)

Z MGz,q (81'1791'2)

a€T>(& ,Ngim)

+...+ Z MGg’q<8i17@i2""’@i1‘/dim)

a€Te (€ ,Naim)

(64)
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Mq, 4 (6) =14 -y wilG (;,0))
i=l1

i1=lip=l1

mil m,‘2

ii=lih=1

MGE q (@ilﬁeiz""7@i5) :’(/J ZZ ZWI'IW,'Z...VV,'5 [G(u,-l,u,-w

MGz,q (@il ’ @iz) =1 - Z Zwilwiz [G (uil 7ui250)]q

G(”il auizvo) =0 (Qimeiz) G(“ila”izao) + (1 e (Qil 791‘2))
————
Rz(Qil ,9,‘2,0)

’ [G (uil 70) + G(uizao)

R (6;,0)
G(I/tl'],lxtiz,...,M,‘E ,0) = G()+

in which u;, and w;, are abscissas and weights obtained by the
univariate GQR, respectively; ¥ and m; severally denote the
additional weight factor and the number of nodes in the ith-
dimension, namely

. Ngim — 1
=(—1 & +Nuim ‘0| dim
v =01 & 4 Naim — |a| )’
(@), if ai>1
m{ 1, if a;=1 (©67)

where 7)(a;) represents a sequence function, e.g. n(a;) = 2a;-1.

6. Challenges and development trends in
dimension-reduction integration methods

Notwithstanding significant advancements in DRIMs develop-
ment over the past twenty years, the field persists as highly act-
ive. Considerable opportunities for future research exist, con-
comitant with challenges and future research directions requir-
ing further investigation.

6.1. Advancing theoretical foundations

(i) Adaptive dimension-reduction models: Future research
should focus on developing intelligent, data-driven
frameworks that can autonomously determine the optimal
form and complexity of the dimension-reduction model.
This involves creating models that can adaptively select
the appropriate truncation order s or even switch between

,,,,,

G,‘j (M,',I/tj) +...+ QG (8i17@i2>- ..,9,’5 ) Gi]ig,m,ig (I/t,'l,ui27.. . ,M,’E ,0)

(65)
...,I/tiE 70)]11
i =1
—G(0)]
(66)
G, (l/tj)+ Z Oc (Qiaej)
W} {iy i b

additive and multiplicative formulations based on the
characterized behavior of the response function. Such
frameworks could leverage preliminary surrogate mod-
els or global sensitivity analysis to identify signific-
ant variables and interaction patterns, thereby tailor-
ing the decomposition structure to the specific problem
for enhanced accuracy and efficiency without prior user
knowledge of the system’s physics.

(i) Optimal integration strategies: Formulating compu-
tationally efficient, high-accuracy point selection tech-
niques with inherent numerical stability. Current imple-
mentations often rely on heuristics for selecting numer-
ical integration schemes (e.g. the number of Gauss points)
within DRIMs. A pressing challenge is the develop-
ment of intelligent selection algorithms that optimally
pair a specific DRIM with a numerical integration rule.
These algorithms would balance computational cost and
precision by considering factors such as the nonlinear-
ity of the component functions and the target statist-
ical moment order. Furthermore, research into novel,
tailored quadrature rules that exploit the specific structure
of the low-dimensional integrals generated by different
DRIMs could yield significant efficiency gains over gen-
eric Gaussian quadrature.

(iii)) Nonlinear transformation techniques: Conventional
iso-probabilistic transformations (e.g. Nataf, Rosenblatt)
are essential for handling non-Gaussian variables but
can introduce severe nonlinearities into the perform-
ance function in the standard Gaussian space. This amp-
lified nonlinearity can undermine the accuracy of the
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subsequent low-order DRIM approximations. Further
research is crucial to develop advanced transforma-
tion techniques or correction schemes that minimize
this detrimental effect, thereby enhancing the robust-
ness and accuracy of DRIMs for a wider range of input
distributions.

(iv) Interaction identification: While methods for detect-
ing variable interactions exist—such as global sensitiv-
ity analysis (e.g. Sobol indices [120, 121]) and the vec-
tor classification approach integral to Ve-DRMs—they
often face significant computational bottlenecks in ultra-
high-dimensional settings. Calculating high-order sens-
itivity indices for comprehensive screening remains pro-
hibitively expensive. Future research is needed to develop
computationally efficient, robust, and adaptive screening
algorithms that can identify significant interactions with
minimal function evaluations, potentially by leveraging
machine learning or advanced sampling techniques.

(v) Generalized adaptive frameworks: Constructing
algorithmic frameworks for intelligent DRIM selection
across diverse engineering contexts. The ultimate goal
is the creation of a meta-framework that automatically
recommends or orchestrates the most suitable DRIM and
its numerical settings for a given problem. This frame-
work would intelligently analyze input dimensionality,
correlation structure [92], estimated interaction strength
(e.g. via global sensitivity indices [122—124]), and com-
putational budget. By integrating modules for interaction
screening, model selection, and integral evaluation, such
a system would provide a robust, ‘black-box’ imple-
mentation of DRIMs, making these powerful methods
accessible to non-specialists and ensuring near-optimal
performance across a wide spectrum of applications in
reliability and uncertainty quantification.

6.2. Methodological expansion and applications

(i) Reliability analysis: The primary application of DRIMs
is to compute the statistical moments of a perform-
ance function. These moments are then used as input
to advanced PDF reconstruction techniques, such as the
moment-based density reconstruction [37, 63, 86] or
polynomial chaos expansion [119-127], to accurately
characterize the tail of the distribution and calculate the
probability of failure without relying on costly MCS. The
efficiency of DRIMs makes this approach feasible for
complex, computationally intensive models.

(i) Design optimization under uncertainty: DRIMs can
be embedded within RBDO and RDO frameworks. In
RBDO, DRIMs enable efficient estimation of probabil-
istic constraints during the optimization loop [128-131].
In RDO, they facilitate the calculation of the mean and
variance of the system response, which are directly used

as objectives or constraints [132, 133]. Their computa-
tional advantage is critical here, as optimization requires
numerous repeated analyses.

(iii) Risk and resilience assessment: The role of moments
extends to regional risk and system resilience evaluation.
DRIMs can be used to construct fragility curves [3] which
express the probability of exceeding a damage state given
a hazard intensity by rapidly computing the moments of
the structural response for a range of hazard levels. These
fragility curves are fundamental components for probab-
ilistic risk assessment and for quantifying the resilience of
infrastructure systems against natural hazards like earth-
quakes and hurricanes [134-137].

6.3. Integration and modularization of computing software

Developing modular, embeddable software architectures for
DRIMs is critical for bridging the gap between theoretical
advancement and widespread engineering adoption. Future
efforts should focus on:

(i) Creating standardized, application programming inter-
faces for DRIMs, allowing them to be easily integrated as
solvers within larger stochastic finite element or compu-
tational fluid dynamics workflows, including commercial
simulation platforms.

(ii) Developing open-source, community-driven tool-
boxes that consolidate various DRIMs and advanced
numerical integration techniques, providing a unified
environment for method comparison, validation, and
hybridization.

(iii) Enhancing usability through the development of graph-
ical user interfaces that guide users through the process
of defining stochastic problems, selecting appropriate
methods, and interpreting results, thereby democratizing
access to these advanced techniques. This modularization
will foster reproducibility, accelerate methodological
development, and firmly embed DRIMs into the standard
toolkit for computational engineering.

7. Conclusions

As asignificant and effective means of estimating the moments
of the stochastic system, the DRIMs have achieved system-
atic progress in the field of engineering uncertainty quanti-
fication and reliability analysis. The present work provides
a comprehensive literature review on research related to the
theoretical advances in dimension-reduction modeling, fun-
damental theory of DRIM frameworks, as well as integration
with advanced numerical techniques. The significance of this
review lies not in the presentation of novel numerical val-
idations, which are abundantly available in the cited source
material, but in its systematic organization of the fragmented
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DRIMs landscape. By providing a clear taxonomy, elucidating
the synergy between dimension-reduction models and numer-
ical integration techniques, and outlining a roadmap for future
research, this work aims to consolidate past advancements and
accelerate future methodological developments and applica-
tions in engineering uncertainty quantification. The review
also emphasizes the imperative for continued investigation in
this field, especially for the deepening of theories in the aspects
of dimension-reduction models and integration techniques,
as well as the expansion of methods in reliability analysis,
optimization design under uncertainty, and risk and resilience
assessment. This constitutes a pivotal opportunity for method-
ological innovation and application of theoretical techniques
by researchers.
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Appendix. Parameters for conjugate unscented
transform methods

Table A1. The values of r; and w; for CUT-6 method [63].

Number of dimensions

Variable 2 3 4 5

r 2.449 489 743 2.358 709 038 2.252 065 001 2.121 320 343
r 1.114 737945 1.119836 286 1.126 032501 1.133 893 419
r 3.200 412 580 3.142 130384 3.076 378 003 3.000 000 000
wy 0.0277 777 78 0.029 035 130 0.030 660 163 0.032 921 811
wy 0.130 287 665 0.063 384 461 0.030 660 163 0.014 703 361
w3 0.000 465 301 0.000 519 547 0.000 589 837 0.000 685 871
wo 0.365 877 024 0.312478 971 0.249 999 999 0.172 839 506

Number of dimensions

Variable 6 7 8 9

r 1.948 835279 2.551 200355 2.449 489 743 2.343 906 881
r 1.144 596 894 0.964 263 098 0.999 999 999 1.023 262 187
r3 2.906 800 606 2.325 576 698 2.449 489 743 2.534 286 566
wy 0.036 507 256 0.012 694 063 0.013 888 888 0.015 076 408
W) 0.006 948 717 0.004 859 446 0.002 343 750 0.001 134 272
w3 0.000 828 855 0.000 395 089 0.000 231481 0.000 157 273
wo 0.067 463 712 0.089 648 847 0.074 074 074 0.042 189 853
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Table A2. The values of r; and w; for CUT-8 method [63].

Number of dimensions

Variable 2 3 4 5 6
7 2.068 136 061 2.255 137 265 2.201 709 071 2.314 370 817 2.449 489 743
19 0.849 193 849 0.717 453 127 0.794 199 371 0.839 094 277 0.893 824 694
3 1.138 654 981 1.843 019 437 1.872 574 360 1.830 752 125 1.732 050 807
r4 1.861 619 935 1.558 481 033 1.329 116 430 1.397 039 743 1.531 963 038
rs — — 2 2 2
6 — 1.305 561 500 1.125 865 581 1.113 478 633 1.095 445 115
wi 0.043 822 643 0.024 631 993 0.018 110 087 0.010 529 034 0.006 172 839
wa 0.140 509 662 0.081 510 094 0.032 063 273 0.015 144 019 0.006 913 443
w3 0.000 921 577 0.009 767 2355 0.006 614 353 0.005 282 899 0.004 115 226
Wy 0.012 409 539 0.005 772 489 0.003 489 906 0.001 067 129 0.000 218 327
ws — — 0.000 651 042 0.000 651 042 0.000 651 0417
We — 0.000 279 473 0.000 252 183 0.000 137 7602 0.000 078 4917
hs 3 2.74 3 3 3
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