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Abstract
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In the traditional Kalman filter analysis, accurate noise statistics are typically required to
achieve optimal estimations of parameters. However, in many practical engineering scenarios,
the acquisition of sufficient samples to construct precise noise statistics is frequently
constrained by limitations in testing conditions or financial considerations, which will lead to
reduced precision or even divergence in the analysis results. In this paper, a novel Kalman filter
algorithm is developed using an interval process model to represent noise uncertainty, only the
upper and lower bounds of the noise are required during the filtering process, eliminating the
need for precise probability distributions. Firstly, the uncertainty in the noise is characterized
using the interval process model, and the corresponding state space equations are formulated.
Secondly, a new Kalman filter algorithm is developed for both one- and multi-dimensional
linear discrete systems, where the filter error variance is utilized to indicate the degree of filter
estimation fluctuation. Finally, three numerical examples are investigated to validate the efficacy

of the proposed algorithm.

Keywords: Kalman filter, interval process model, linear discrete system, state estimation,

minimum filter error variance

1. Introduction

Filter methods are commonly employed to estimate para-
meters that are not directly observable or measurable. As
an important technique in the filter field, the statistical fil-
ter provides the capability to implement optimal parameter
estimations or predictions by using the measurement data and
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characteristics of signals and noises under a probability stat-
istical framework. Wiener filter [1] and Kalman filter [2, 3] are
two classical components among statistical filters. The former
filters out the noises in measurement data by decomposing
the power spectrum of signals and noises modeled as station-
ary stochastic processes. The Wiener filter is computationally
prohibitive in solving the Wiener equation and can only be
applied to the situation with stationary stochastic processes
[4]. The Kalman filter [2, 3] establishes a time-domain recurs-
ive analysis framework to implement state estimations for
both linear discrete systems and continuous systems with the
Gaussian noises by minimizing the mean squared deviations
of the system states, which effectively addresses the needs
of a wide range of practical applications [5]. Currently, the
Kalman filter is extensively applied in integrated positioning
[6], fault diagnosis [7], sensor error correction [8], monitoring
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of damaging structures [9], lifetime prediction [10], detect-
ing and locating [11], model predictive [12], system state
estimation [13], system identification [14], remaining useful
life prediction [15], etc.

In the implementation of the standard Kalman filter
algorithm, employing inaccurate noise statistics may lead to
insufficient accuracy of state estimation, divergence or even
loss of tracking, thereby limiting the effectiveness of the
algorithm in practical application [16]. To avoid excessive
errors, various adaptive Kalman filter methods have been
developed. These methods enhance the accuracy of final estim-
ation and suppress the scattering by estimating and adjusting
unknown noise statistical parameters, which mainly include
the variational Bayesian method [17, 18], maximum likelihood
method [19], covariance sampling method [20], Sage—Husa
method [21], Fuzzy method [22], neural network method [23],
iterative estimation method [24], information series method
[25] and adaptive noise factor method [26]. However, there
remain some issues for enhancing estimation accuracy and
suppressing divergence [27, 28]. For example, the ability to
suppress the filter divergence and estimate noise covariance
would be limited when only the variance of one noise is
unknown in the Sage—Husa adaptive filtering [29], and it can
be poor effectiveness owing to the complexity of calculat-
ing the posterior distribution the variational Bayesian adaptive
filtering [30]. The adaptive Kalman filter methods are estab-
lished under the probabilistic frameworks, in which the uncer-
tainties of both system states and external noises are described
through the stochastic process model [31]. Consequently,
a substantial number of experimental samples is typically
needed to accurately identify the probabilistic statistical char-
acteristics of the parameters. However, in numerous practical
engineering applications, obtaining a sufficient quantity of
experimental samples is difficult due to constraints in testing
conditions or financial limitations, thus brings some problems
in filter estimation as mentioned above. Although the adaptive
filter techniques can reduce the dependence on prior statist-
ical knowledge of noise, they cannot balance the convergence
speed and estimation accuracy. Meanwhile, the accuracy of the
adaptive estimation results is typically verified through simu-
lation experiments rather than assessed by a rigorous method
within the framework of existing linear minimum mean square
error estimation [32, 33]. For example, in combined navigation
systems, challenges such as the insufficient number of visible
satellites, multi-path effects and measurement noises can lead
to a mismatch in the statistical characteristics of GPS noise,
which would result in poor filter effect and even serious estim-
ation errors.

In addition, the uncertainties of system parameters are
considered in some traditional Kalman filters, forming the
so-called interval Kalman filters, in which the state trans-
ition matrix, control coefficient matrix and measurement gain
matrix are treated as unknown but bounded constant per-
turbation matrices [34]. While the solution set proposed by
using the upper bound of the interval matrix to be inverted
may not include all the classical Kalman filter solutions an
improved interval Kalman filter is therefore proposed, solving

the interval matrix inversion problem with the set inversion
algorithm Set Inversion Via Interval Analysis and constraint
satisfaction problems [35, 36]. After that, researchers have
invested significant effort in reducing both the conservat-
ism and the high computational cost of interval Kalman fil-
ter algorithms [37]. Motivated by previous research [37], an
estimation strategy that provides the optimal upper bound on
the state estimation error covariance for all admissible uncer-
tainties is developed, allowing to reduce the size of the set
of all possible solutions and improve the computational effi-
ciency of the observations with respect to the classical Kalman
filtering structure [38]. By using the spectral decomposition
of a symmetric matrix and optimizing the gain matrix, an
improved minimum upper bound of variance interval Kalman
filter is proposed, bounding the set of all possible state estim-
ates given by the Kalman filter for any admissible parameter
uncertainties [39]. Analytical bounds for optimal upper bound
Kalman filter algorithm are developed by finding a uniformly
optimized solution of the error estimation covariance upper
bounds, reducing conservatism of the resulted estimators [40].
By extending the standard interval Kalman filtering to wire-
less sensor networks and incorporating global optimization
techniques to search for the optimal estimation interval, a
novel interval Kalman filtering algorithm is proposed, achiev-
ing higher accuracy and exhibiting less conservatism [41].
However, the interval Kalman filter mentioned above extend
the classical Kalman filter technique to interval linear sys-
tems with the same statistical assumptions on noise, requir-
ing a large number of samples to construct the probability
distribution.

In this paper, therefore, a novel Kalman filter algorithm
is proposed, integrating the interval process model [42, 43].
Unlike traditional methods that rely on precise probability
distributions, the interval process model employs interval
variables to quantify the uncertainty associated with time-
variant parameters at arbitrary time instances. This method-
ological advancement significantly mitigates the dependence
on extensive sample data during the analysis process. Within
the proposed algorithm, the interval process model is lever-
aged to systematically characterize uncertainties in system
states and noise, requiring solely the boundary information
of initial system states and noise to conduct the filter estim-
ation analysis. The remainder of this paper is organized as
follows: section 2 presents a concise overview of the clas-
sical Kalman filter algorithm for linear discrete-time systems.
Section 3 introduces the interval process model and formu-
lates the new Kalman filter algorithm for linear discrete sys-
tems. Section 4 validates the proposed algorithm through three
numerical examples. Finally, section 5 concludes the paper
with a summary of the key findings.

2. The classical Kalman filter algorithm for linear
discrete systems

The Kalman filter is formulated as an autoregressive
estimation framework, through which real-time system
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state estimation is performed recursively. Deterministic
mathematical models of the system and measurements are
utilized, along with the statistical characteristics of the initial
state and noises. It is a linear unbiased and error variance-
minimizing stochastic optimal algorithm, in which the system
states are parameterized by the residuals of the prediction
estimations and measurements. The algorithm derives the
recursive state estimation equations through the minimization
of the system state estimation error variances.

For a linear discrete system, its state equations and meas-
urement equations can be expressed as [44]:

Xi = Prp—1Xp—1 + W1 Up—1 + T -1 Wi 0

Z, = H;X; +V;
where X;,k=1,2,--- denotes the system state vector state
with a dimension of n, ®; ;_ represents n x n state transition
matrix of the system, ¥ ,_ denotes n x n control coefficient
matrix, U;_; represents control vector with a dimension of
n, I'y x—1 represents n x n noise gain matrix, W;_; denotes
process noise vector with a dimension of n, Z; denotes m-
dimensional measurement vector (m < n), H; denotes m X n
measurement gain matrix, and V; denotes measurement noise
vector with a dimension of m.

Assume that the process noise vector W, and the measure-

ment noise vector Vj are uncorrelated Gaussian white noise
vectors with zero mean, namely:

EWi=0,x1, E [WkW,T] = Q0
E[Vi =041, E[ViV]]| =Ridy )
E[W V] =0,

where E -] is the expectation operator, 0,,  ,, denotes ap; X ps
matrix whose elements are all zeroes, Q, and Ry are the cov-
ariance matrices corresponding to process noise vector Wy
and measurement noise vector Vy, respectively, d;; is the
Kronecker delta:

S = . 3)

An initial condition is assumed for the system as described
below:

E[Xo] = Xo, E[(XO—X()) (XO—XO)T} —P,

E [XkVJT} = 0n><m7 E [XkWJT} = 0n><n

“

where Xo and Py are the estimation vector and covariance mat-
rix of the initial state vector X, respectively. The classical
Kalman filter algorithm can be presented below [45]:

Step 1: considering the filter estimation X,_ from the prior
step k-1, a one-step prediction estimation )A(;@k_l of the state
vector X; can be obtained:

Xk,k—l =& 1 X1+ P Ui 5)

Step 2: according to the filter error covariance matrix Py_,
the process noise covariance matrix Q, and the process noise
gain matrix I'y;_;, the prediction error covariance matrix
Py 11 can be computed:

Py = (I)k,k—lPk—lq’{k_l + I‘k,k—le—lI‘Z,k—r (6)

Step 3: calculate the Kalman gain K; according to the meas-
urement gain matrix Hy and the measurement noise covariance
matrix Ry:

-1
Ki =P Hy (HP e Hy +Ry) 7

Step 4: according to prediction estimation Xk,k_l, Kalman
gain K; and the measurement vector Z, the filter estimation
of the state vector X; can be obtained:

X; = Xk,k—l + Ky (Zk - Hka,k—l) . (8)
Step 5: calculate the updated filter error covariance matrix:
P, = I-KH) P (1I-KH) +KRK!. (9

Equations (5)-(9) form the basic equations of Kalman filter
for linear discrete systems. When X, and P are given, the fil-
ter estimation of the state vector X; based on the principle of
minimizing filter error variance can be calculated recursively
based on the measurement vector Z;.

3. The proposed Kalman filter algorithm

In this paper, a novel Kalman filter algorithm for linear
discrete systems is proposed based on the interval process
model, enabling optimal state estimation even when experi-
mental samples are insufficient. Firstly, the fundamentals of
the interval process model are introduced, and new defini-
tions are provided, including the cross-covariance function
matrix between interval process vectors and the concept of
uncorrelated interval process vectors. Secondly, the system
state and noise characteristics are described using the inter-
val process model, and the corresponding state and measure-
ment equations are formulated. Finally, the algorithm is estab-
lished by defining the midpoint of the filter estimation as the
optimal state estimate and representing its fluctuation utilizing
the filter error variance. The proposed Kalman filter algorithm
is designed to achieve optimal state estimation by minimizing
the filter error variance.

3.1. Fundamentals of interval process model [42, 43, 46]

In traditional stochastic process theory [47], an uncertain pro-
cess X (1) is treated as a random variable at any given time, with
the correlation between variables at different time points char-
acterized by the auto-correlation function. However, a sub-
stantial number of samples is necessitated for the stochastic
process model. To mitigate this dependency, the researchers
[42, 43] recently extended the conventional interval method
[48-51] to the time dimension, developing the interval process
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Figure 2. The classification of interval processes [42]. (a) The
discrete parameter interval process; (b) the continuous parameter
interval process.

model as an effective mathematical framework for addressing
time-dependent or dynamic uncertainties. Unlike stochastic
models, the interval process model requires only the boundary
information of uncertain parameter fluctuations, which can be
derived from limited samples and expert knowledge. As illus-
trated in figure 1, this model represents dynamic uncertainty
utilizing bounded and closed intervals at any given time point.

Definition 1. For an uncertain process {X(#),t€ T}, T is a
parameter set of the parameter ¢, if for any given time #;, i =
1,2,--+, X(1;) € X' (t;) = [X* (;),XV (1;)] is an interval vari-
able, then the process {X(¢),t € T} is called an interval pro-
cess, denoted as {X (1) € X! (¢) ,+ € T}, where superscripts I, L
and U denote interval, lower bound and upper bound, respect-
ively. For the convenience of description, the interval process
can be abbreviated as X () € X' (¢) or X' (¢) without causing
ambiguity.

According to the property of parameter set T, the inter-
val process can be categorized into two classes in figure 2:
if the parameter set T is a countable set (or discrete in time),
this class of process is called the discrete parameter interval
process, as shown in figure 2(a); if the parameter set T is
non-countable (or continuous in time), this class of process
is called the continuous parameter interval process, as shown
in figure 2(b).

Definition 2. For an interval process {X(r) € X!(r),r € T}
with the upper bound function XY (¢) and the lower bound
function X" (¢), its middle point function My (¢), radius

Figure 3. Interval model considering correlation [42].

function Ry () and variance function Dy () are, respectively,
defined as:

My () =[x (0] = (1) = (10)
Ru () =Rlx()) =x () = X0y
D () =] = (0 = ()

In many situations, the state of a time-variant parameter
at a certain time point will have a certain degree of influ-
ence or even a decisive effect on the state of the next time
point or next stage, which is called time correlation in the
interval process model and can be quantified using the auto-
covariance function. In order to characterize the correlation
degree between the interval process X! (¢) at any two time
points #; and ¢, the joint uncertainty domain is described
through an ellipse, as shown in figure 3. For interval vari-
ables X (1) € X' (1;) = [X" (1), X" (1;)] and X (1)) € X' (1)) =
(X" (1;),X" (1j)], the covariance function Cov (X (1;),X (1)) is
defined as:

Cov (X(1;),X(t)) = sin(8)cos () (r21 — r%) (13)

where 6 is the angle between the long axis and the horizontal
coordinate axis, called rotation angle, r; and r, are the half
lengths of the major axis and the minor axis of the ellipse,
respectively, as shown in figure 3.

Definition 3. For an interval process {X(r) € X' (1), 1€ T},
the auto-covariance function Covyiy (#;,4) and the auto-
correlation coefficient function pyiy (f;,1) at any two time
points #; and ¢ are, respectively, defined as:

Covyixi (1;,1) = Cov (X (t;) , X (1)) (14)

COVxlxl (tia tj)

. 15
Xt ()X (1) (1>

pxix (1, tj) =
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Definition 4. For an interval process {X (1) € X' (1), r € T}, if
its auto-covariance function satisfies:
Covyiy (1i,1;) = 0, (i #J) (16)

then X! (7) is called the uncorrelated interval process.
Definition S. The cross-covariance function of interval pro-
cesses {X (1) €X' (1),1€T} and {Y(1) €Y (1), 1€ T} at
any two time points #; and ¢; is defined as:

Covxip (ti,1;) = Cov (X (1;) , Y (1;)) (17)
Definition 6. For interval processes {X(r) € X' (1), 1€ T}
and {Y (1) € Y (1), 1€ T}, if the cross-covariance function
satisfies:

Covyy (11,1;) =0 (18)

then the interval processes X! (¢) and Y! (¢) are uncorrelated.

Definition 7. Let {Xi(r) € Xi(r), 1€ T}, k=1,2,--- N be
N interval processes, for each interval process X,I((t), the
middle point function and radius function are X} () and X} (1),
respectively, the auto-covariance function is Covyix (t:,17),
and cross-covariance function of X, (r) and X, (¢) (I #k) is
COVXLX} (tivtj)’ then X" (t) = [thn (t) 7XIZn(t)7"' 7XII{/1 (t)}T and
X' (1) = [X (1), X5 (1), , Xy ()] are, respectively, called
the middle point function vector and radius function vec-
tor for an N-dimensional interval process vector X(¢) =
X, (1),X, (1), , Xy ()], Covyryr (ti,1;) is called the cross-
covariance function matrix:

Covyixi (i, 17)  Covyiy (1,1)

Covyy, (ti 1))

COVX'] X, (l‘,7 tj)

Covyy (1i,17) Covyx, (%, 1))

Covxixi ([,', lj) =

Covyixt (ti,1;)  Covyixi (£, 1)) Covyxt (1, 1)

19)

Definition 8. For an N-dimensional interval process vec-
tor X (1) = [X, (1), X, () ,--- ,. Xy (1)]", if any two interval pro-
cesses X, (f) and X, (f) k# 1 are uncorrelated, then X(r) is
called the uncorrelated interval process vector.

Definition 9. For two interval process vectors X(f) =
T

[Xl (t)7X2(t)a"' 7XN(I)] and Y(t):[yl (t)>Y2(t)"" )

Y, (1)]7, the cross-covariance function matrix between X (7)

and Y (¢) is defined as:

Covyy (8, 17)

COVXIZYII (t,', Z‘j)

Covyy, (8, 17)

COVXIZYI2 (t,', l‘j)

Covyy, (ti:17)

Covxuz,,}w (t,', l‘j)
Covxiyr (l,‘,l_,‘) =

Covyip, (4, 1)

(20)

COVX’lvyll (l,‘,[,') COVX’lvylz (l,‘,[,')

where Covxlky;(ti,tj),k: 1,2,--- ,N,I=1,2,--- ,M denotes
the cross-covariance function of X, () and Y,(r). If

Covyiyi (#,1;) = Oyxum, then the interval process vectors X (7)
and Y () are uncorrelated.

For two interval vectors X = [X,,X,,---,Xy]" where X, €
Xi=12,--- ,NandY=[Y,,Y,,---,Y,] where Y, e Y,i =

1,2,--- M, the cross-covariance matrix between them is
defined as:
Cov(X,,Y;) Cov(X,,1;) Cov (X, )
Cov(Xy,T;)  Cov(Xy, 1) Cov (X3, 1))
Cov(X,Y) = . .
Cov(Xy,Y,) Cov(Xy, 1) Cov (Xy, Yy)
(2D

If Cov (X, Y) = Oy, then the interval vectors X and Y are
uncorrelated.

It is worth noting that the auto-covariance func-
tion  Covyy (f,4;) and  cross-covariance  function
Covxip (ti,t)) ,k=1,2,--- N,I=1,2,--- M are defined to
represent the correlation degree of interval variables X (#;) and
X(t), X, (t;) and Y, (z;), respectively. As the absolute value
of the auto-covariance function or cross-covariance function
increases, the corresponding ellipse will become longer and
narrower, which indicates a growing correlativity of the inter-
val variables.

3.2. Formulation of the proposed algorithm

In the classical Kalman filter theory, the stochastic pro-
cess model is used to describe the uncertainty of the sys-
tem state and noises in the linear discrete system. Different
from the classical Kalman filter theory, here we use the inter-
val process model to quantify the uncertainty of the system
state and noises in the linear discrete system, and thus the
corresponding state and measurement equations are estab-
lished. In the following text, the filter algorithm is constructed
for one-dimensional systems and multi-dimensional systems,
respectively.

3.2.1. For one-dimensional linear systems. For a one-
dimensional discrete linear system, when the process noise and
the measurement noise are treated as uncorrelated interval pro-
cesses {wk € w}(,k: 1,2,~~} and {vk € vlk,k: 1,2,~~~},then
its state equation and measurement equation can be expressed
as:

(22)

X = Qrg—1X_ Y p—1up—1 W
2 = hpx, + vy

where ¢ ,—; is a state transition coefficient, ¥ ;1 is a sys-
tem control coefficient, u;_, is a control variable, z, € z}( is a
measurement variable, /; is a measurement coefficient. The
characteristic parameters of the process noise and measure-
ment noise are assumed as follows:

M(w] =0, Cov (w, w;) = qidy,
M|v,] =0, Cov (vk, vj) = 1k,
Cov (wk, vj) =0

(23)
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where g, and r; are the variance function of the process noise
and the measurement noise, respectively. Assume that the ini-
tial system state x, € x{, satisfies the following conditions:

24
Cov (xg,w;) =0, Cov (xg, v) =0 %)

{M[XO] =x5, Dlxo] = Po
where xi' and Py are the estimation and variance of the initial
system state, respectively.

Assume that there exist measurements 7,2, - ,2x and
the optimal filter estimation X,_; of x,_, in the time step k,
then a reasonable or ideal state prediction estimation can be
expressed as:

Kkt = Prk—151 TV kp—1 U1 (25)

and the prediction estimation of the measurement variable z;
can be expressed as:

2k,k—1 = hkfk,k—l : (26)

The measurement residual between z; and 2, ,_, is defined
as:

Zk,kfl =Zk— 2k,k—1 =2k — hkﬁk,kfl- (27)

By using the measurement residual to correct the original
state prediction estimation, the optimal filter estimation at the
time step k can be expressed as:

Xk = X‘k,k*l + 8k X (Zk - hk)ek,kfl) (28)

where gy is the filter gain. The prediction error ¢, ,_; and the
filter error e, are, respectively, defined as:

(29)
e =X, — X (30)

Substitute equations (22) and (25) into equation (29)
yields:

(€19}

Substitute equations (22) and (28) into equation (30)
yields:

€ k—1 = Phk—1 (et — % y) + Wiy

e = [1 — kihy] (%, — % 1) + 8V (32)

According to equation (31), the prediction error variance
Py x—1 can be obtained:

Pry—1=D [ek,kfl] = Cov (ek,k—laek,kfl)

= @i,k—lcov (xk—l = X1 X *)Afk—l)
+2¢kp—1CoV (X — X1, wie_y) +Cov (W, wi_y)
(33)
It can be proved that Cov (xk_l — X ka—l) =0, and
equation (33) can be simplified as:
Pt = @i Pro1 + gt (34)

According to equation (32), the filter error variance P; can
be obtained:

P =Dle] = Cov (e, ¢;)
=(1- gkhk)ZCOV (xk - )Ek,kfl X — )Ek,kq)
—2k; (1 — gily) Cov (xk — X k15 vk) + g,%Cov (Ves Vi)
(35)

It can be proved that Cov(x,—%.,_,v) =0, and
equation (35) can be simplified as:
Pr = (1— giy)* P + gime. (36)

To calculate the gain g; for a minimum filter error variance,
let:

oP, 0 ((1 — &) Py Jrg;%rk)

Tk =0 (37
0" 08k )
then g, can be solved:
hicPr k-1
= -5 38
8 I Prg—1 + rx 58

To sum up, the basic equations of the proposed Kalman fil-
ter algorithm for one-dimensional linear discrete system based
on the interval process model can be established as follows:

X fe1 = Php—1% 1 T Uk p—1Uk—1 (39)

Prj—1= ‘pi,kflpkfl + k-1 (40)
NPy i—

e =gt + 8k (2 — i) (42)

Py = (1 — guhu)*Prgr + gt (43)

The middle point of %, is used as the optimal state estim-
ation at the time step k in the sense of minimum filter error
variance, and Py can reflect the degree of fluctuation.

3.2.2. For multi-dimensional linear systems. For a multi-
dimensional discrete linear system, the state and measurement
equations can be expressed as equation (1). Treat the process
noise vector and the measurement noise vector as uncorrelated
interval process vectors W} and V;, respectively. Assume the
characteristic parameters of W, and V as follows:

MIW,] = 0,51, Covyy (k, j) = Qidx;
M[Vi] =041, Covyiyi (k, j) = Ridy
COVWIVI (ka ]) = 0n><m

(44)

where Q, and Ry are the covariance matrices of the process
noise vector and the measurement noise vector at the time step
k, respectively. Assume that the initial system state X, satisfies
the following conditions:

{M[XO] = Xglv Cov (XOaXO) =Py (45)

Cov (Xp, W;) = 0,0, Cov (X, V;) =0,
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Give initial conditions:

X =M[X, |, P, =Cov(X,,X,), k,, k=1

;

Calculate prediction estimation:

Xk‘kfl = (I)Ax/\'flxkfl + ‘l’kAkflkal

;

Calculate covariance matrix of prediction errore,, , :

— T T
Pk.kfl - (I)k.leIPkflq)k.lel + Fk.k—le*lrk.kfl

!

Calculate Kalman gain:

T T -1 k=k+1
K, =P, H; (HAPk,k—IHA +Rk)

l A
Update filter estimation and covariance matrix of filter error e, :

XA = X/{,A—l +K, (Zk _Hkxum)

P, =(1-K,H,)P,,  (I-K,H,)" +K,RK]

No

Output Xk and P,

Figure 4. The flowchart of the calculation procedure for state
estimation of the proposed Kalman filter algorithm.

where X{' and Py are the estimation vector and the covariance
matrix of the initial system state, respectively.

Assuming that there exist the measurements Z,Z,,--- ,Zy
and the optimal filter estimation X;_; of X,_, at the time step
k, the basic equations of the proposed Kalman filter algorithm
for the multi-dimensional linear discrete system based on the
interval process model can be established as follows:

Xeio1 =P X+ U (46)

Pt =P P @y + i1 QT (47)
K, =P, H] (HkPk,k—le +Ry) - (48)

X, =X, + K (Zk - Hka,k_l) (49)

P, = (I-KH) P (I- KH)' + KRK]  (50)

where the detailed derivation of gain matrix Ky is given in the
Appendix. The middle point vector of Xk is used as the optimal
state estimation at the time step k and the diagonal elements
of P, can reflect the fluctuation degree for each element of
Xk. The flowchart of the proposed Kalman filter algorithm is
shown as figure 4.

The filter algorithm for one-dimensional systems and multi-
dimensional systems subject to uncorrelated noises has now

Initial position

Displacement sensor /'E
0
Figure 5. Schematic diagram of a free-fall moving target tracking
problem.

been formulated. When the initial estimation and the variance
of system state are given, the optimal state estimation at each
time step of k in the sense of the minimum filter error vari-
ance can be calculated recursively based on the measurements.
The proposed algorithm avoids the use of precise probabil-
ity characteristics and theoretically could greatly reduce the
dependence of the whole analysis process on a large number
of samples.

4. Numerical examples and discussions

4.1. A free-fall moving target tracking problem

Consider a free-fall moving target tracking problem as illus-
trated in figure 5. The target is observed by the displacement
sensor, with observation period Ty = 0.01 s and total observa-
tion time 10 s. In order to obtain data more accurately, the dis-
placement and velocity of the target are needed to be estim-
ated, especially when the sensor’s measurement is disturbed
by noise. Here, the distance between the target and the ground
is calibrated along the z-axis which extends vertically upwards
from the ground. The displacement and velocity of the target
at the time step k are denoted as x; and Xy, respectively. The
following state vector is defined:

(51

Xk = [xk, )-Ck]T.

From the kinematics knowledge [52], the state equation and
measurement equation of the free-fall moving target tracking
problem can be formulated as follows:

{&:@&1+@&w 52)

i = HX; + v

1 TQ

0 1

10m - s~2 is the gravitational acceleration. The initial state is

described by an interval vector X, with the middle point vector
M —[100, 0]" and the covariance matrix:

1 0
=y 7|

where ® = [ ]\Il = [0.5T%,T0]T,H =[1,0],and g =

(33)
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Figure 6. Filter error curves for state estimation in the free-fall
moving target tracking problem using traditional algorithm. (a)
Displacement; (b) velocity.

Firstly, the convergence of the proposed filter algorithm
for the free-fall moving target tracking problem is investig-
ated. The traditional Kalman filter algorithm with the uncor-
related Gaussian noise assumption is applied as a compar-
ison for the proposed algorithm. For the traditional algorithm,
the system states are represented by stochastic variables with
the initial mean vector x(X,) = [100, 0]", and the meas-
urement noise is regarded as an uncorrelated stochastic pro-
cess {u(k),k=1,2,---} with mean function p(u(k))=0
and variance function D (u(k)) = 9. While for the proposed
algorithm the noise is treated as an uncorrelated interval pro-
cess {vk € vi,k: 1,2,~~} with the middle point function
vy = 0 and the radius function v}, = 3. By using the traditional
algorithm and the proposed algorithm, the filter error curves
and filter error variance curves for the free-fall moving target

1 . . T T
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+ + <+ Measurement error | ==
— Filter error
0.54 + ]
K + +
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Figure 7. Filter error curves for state estimation in the free-fall
moving target tracking problem using proposed algorithm. (a)
Displacement; (b) velocity.

tracking problem can be obtained, as shown in figures 6-8.
Notice that the ideal error curve for target displacement is
described by the reference line in figures 6 and 7. It can be
found that, for both traditional and proposed algorithm, the
displacement measurement error is considerably high and fails
to converge, which is mainly attributed to the impact of the
noise on the sensor’s measurement. However, with the use of
the filter algorithms, there is a notable reduction in the filter
error of the displacement, and the filter errors of both displace-
ment and velocity show a tendency to converge to zero.

In addition, the filter error variances for both the dis-
placement and velocity converge to zero over time for both
algorithms mentioned above, and the filter error variances cal-
culated by these two algorithms have identical characteristics
to reach convergence, primarily due to the fact that the para-
meters involving in the calculation of filter error covariance
matrix such as Kalman gain measurement noise covariance
matrix are the same. Table 1 lists the detail filter results of the
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Figure 8. Filter error variance curves of state estimation for the free-fall moving target tracking problem using traditional and proposed

algorithms. (a) Traditional algorithm; (b) proposed algorithm.

Table 1. The filter results of free-fall moving target tracking problem at different time points for traditional and proposed algorithms.

Estimation value (relative error %)

Filter error variance

System state Time True value Traditional algorithm Proposed algorithm Traditional algorithm Proposed algorithm

Displacement ~ 5's —25.00 —24.45(2.21) —24.61 (1.56) 7.03 x 1072 7.03 x 1072
6s —80.00 —79.38 (0.78) —79.42 (0.73) 5.89 x 1072 5.89 x 1072
7s —145.00 —144.27 (0.50) —144.37 (0.44) 5.06 x 1072 5.06 x 1072
8s —220.00 —219.17 (0.38) —219.37 (0.29) 4.44 x 1072 4.44 x 1072
95 —305.00 —304.09 (0.30) —304.11 (0.29) 3.59 x 1072 3.59 x 1072
10s —400.00 —398.99 (0.25) —399.02 (0.25) 3.56 x 1072 3.56 x 1072

Velocity 55 —50.00 —49.88 (0.24) —49.91 (0.18) 8.20x 1073 8.20 x 1073
6s —60.00 —59.89 (0.18) —59.89 (0.19) 4.80x 1073 4.80x 1073
7s —70.00 —69.89 (0.15) —69.90 (0.14) 3.00 x 1073 3.00 x 1073
8s —80.00 —79.89 (0.13) —79.92 (0.10) 2.00 x 1073 2.00x 1073
9s —90.00 —89.90 (0.11) —89.89 (0.12) 1.40 x 1073 1.40 x 1073
10s —100.00 —99.90 (0.10) —99.89 (0.11) 1.10x 1073 1.10x 1073

Table 2. The comparison of the results between the traditional Kalman filter algorithm and the proposed algorithm.

Filter error variance

Dependence on sufficient samples

Method Filter error
Traditional algorithm Low Low
Proposed algorithm Low Low

High
Low

target at different time points, from which it can be found that
both the relative error and filter error variance of the displace-
ment and velocity decrease with time for both algorithms, and
there exists a positive correlation between them to some extent.
The filter results show that the proposed filter algorithm exhib-
its robust convergence for the free-fall moving target tracking
problem, and the filter error variance can be used to reflect the
relative error of the estimation value compared to true value.
The comparison of the results of the traditional Kalman filter
algorithm and the proposed filter algorithm is listed in table 2.

Secondly, the influence of radius function of the meas-
urement noise on the filter estimation is investigated.
The noise is treated as an uncorrelated interval process
{vk € vi,k =1,2,-- } with the middle point function v}’ =0
and the following three cases of radius function are considered:

(a) v =3; (b) v, =6; (c) v; =9. By applying the proposed
filter algorithm, the corresponding filter error variance for
both the target’s displacement and velocity in the three cases
can be obtained, as shown in figure 9. From the results, it can
be found that the filter error variances of the displacement
decrease rapidly after a brief increase and ultimately reaches
convergence, while the filter error variances of the velocity
reach convergence directly without preceding fluctuations. In
addition, the convergence rates of the filter error variances of
both displacement and velocity decrease with the increase of
the radius function of the noise. For example, the filter error
variance of the velocity for the case of v, = 3 reaches conver-
gence faster than that of v; = 9. Table 3 lists the filter error
variances at t = 10s for the above three cases, and it can be
found that the filter error variances for both the displacement
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T and positioning problem can be simplified as [53].
X; = PXi—1 +TW,_
k k—1 k—1 (54)
Z,=HX;+V;

Variance

6 8 10
t/s
(@)
]
0.8
Boet
=]
.8
E]
> 04 f
02+
0 ‘
0 2 4 6 8 10
t/s
(b)

Figure 9. Filter error variance curves of state estimation for the
free-fall moving target tracking problem under different radius
functions. (a) Displacement; (b) velocity.

Table 3. Filter error variances of state estimation for the free-fall
moving target tracking problem under different radius functions at
t=10s.

Radius function Displacement Velocity

Case a : Vi =3 3.56 x 1072 1.10x 1073
Case b : V=6 1.39 x 107! 3.91x 1073
Case ¢ :vp=9 3.02 x 107! 7.89 x 1073

and velocity increase with the increase of the radius function
of the noise. The above results show that the radius function
of the measurement noise has a significant impact on the filter
estimation convergence rate.

4.2. A ship navigation and positioning problem

In the ship navigation and positioning problem, the GPS
receiver captures real-time signals transmitted by the in-orbit
navigation satellites, thereby determining the current position
and velocity of the ship. To improve the accuracy of posi-
tioning, it is essential to filter the GPS measurement signals
concerning the position and velocity of the ship. The state
equation and measurement equation for the ship navigation

where X = [x¢, Xk, Vi, yk]T, x; and x; are the lateral position
and velocity of the ship at the measurement time k7, respect-
ively, yx and y; are the longitudinal position and velocity of
the ship at the measurement time k7, respectively, T is the
measurement period; Wy = [oy, ,Bk}T is the process noise vec-
tor, where o and (3 are process noises related to the lateral and
longitudinal maneuver, respectively; Vi = [, nk]T, where v,
and 7, are the measurement noises for the GPS system in the
lateral and longitudinal positions, respectively; ®, I and H are
given by:

17500 0.57% 0
0100 T 0 1000
b= L= -
0017y |’ 0 0572 |’ [0010]
0001 0 T
(55)

The measurement period of GPS receiver is Ty = 1s and
the total measurement time is 200s. The initial system state
is set as an interval vector with the middle point vector X' =
[0, 2, 0, —10]T and the covariance matrix:

1000
0100
0010
0001

Py = (56)

The measurement noise vector is treated as an uncorrel-
ated interval process vector V}{ with the middle point func-
tion vector V" = [0, 0]" and the radius function vector V§ =
[0.01, 0.01]".

Firstly, the convergence of the proposed filter algorithm in
the state estimation for the ship navigation and positioning
problem is investigated. The process noise is considered as an
uncorrelated interval process vector Wi with the middle point
function vector Wi = [0, 0]" and the radius function vector
W, =[0.01, O.OI]T. By using the proposed filter algorithm,
the filter results can be obtained, as shown in figures 10-12.
It can be found that the ship navigates in uniform rectilinear
trajectory, and its estimation trajectory closely approximates
the true trajectory, as shown in figure 11. In addition, for both
the lateral position and lateral velocity of the ship, the filter
error variances consistently remain below the prediction error
variances. The filter error variances of both lateral position and
lateral velocity ultimately achieve convergence, with the final
convergence value almost the same as the prediction error vari-
ance, as shown in figure 10. This occurs mainly because the
radius functions of the process noises are small, resulting in
relatively small prediction error variances estimated directly
through the system state equation. Moreover, the root mean
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Figure 10. Prediction and filter error variance curves of state

estimation for the ship. (a) Lateral position; (b) Lateral velocity.
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Figure 11. Plane tracking trajectory of the ship.

square errors (RMSEs) of lateral position and lateral velocity
for the ship show a decreasing trend over time and eventually
reach convergence, as shown in figure 12, indicating that the
proposed filter algorithm possesses high tracking accuracy and
exhibits good convergence. While the noise cannot be entirely
filtered out, the proposed algorithm can effectively reduce the
impact of noise on the state estimation for the ship.

Secondly, the influence of radius functions for process
noises on the ship state estimation is investigated. Let the
process noises as an uncorrelated interval process vector Wi
with the middle point function vector Wi = [0, 0]". Consider

8 o 1
=
> 3
; ]
0 . . ‘
0 50 170 150 200
t/s
0.8f [—®— Lateral velocity ||
0.6 1
8 04
=
0.2 )
L D
0 50 150 200

s

Figure 12. Root mean square error curves of state estimation for the
ship.
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Figure 13. Plane tracking trajectory of the ship when
Wi =[0.5, 0.5]".

the following two cases of radius function vectors: (a) W, =
[0.5,0.5]"; (b) Wi =12, 2]". By using the proposed filter
algorithm, the corresponding filter results of the ship for the
above two cases can be obtained, as shown in figures 13-16.
It can be found that when the radius functions of the pro-
cess noises increase, the ship no longer moves in a straight
line at uniform velocity approximately, but shows variations
in the motion trajectory, as shown in figures 13 and 15. For
the above two cases, the estimation trajectories of the ship
are close to the true ones, showing that the proposed filter
algorithm is effective for tracking not only the target mov-
ing at a uniform or approximately uniform velocity but also
that with greater mobility. In addition, as shown in figures 14
and 16, the filter error variances for the lateral position and lat-
eral velocity achieve convergence for both of the above cases.
Nevertheless, it can be found that the increase of the radius
functions of the process noises causes a rise of the conver-
gence value for both the prediction error variance and filter
error variance of the ship state. For instance, the filter error
variance in convergence stage of the lateral position for the
ship when W! = [2, 2]" are obviously greater than that when
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Figure 14. Prediction and filter error variance curves of state
estimation for the ship when W} = [0.5, 0.5]". (a) Lateral position;
(b) Lateral velocity.
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Figure 15. Plane tracking trajectory of the ship when Wi = [2, 2]7

W =1[0.5, 0.5]", as observed by comparing figure 14(a) with
figure 16(a). In summary, the above phenomena indicate that
the radius function of process noises has significant impact on
the prediction error variances and the filter error variances of
the system state.

4.3. A strapdown inertial navigation system (SINS) problem

The inertial navigation system (INS) employs sensors such
as accelerometers and gyroscopes to measure the acceleration
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=¥~ _Filter error ]
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—¥— Filter error
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38
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Figure 16. Prediction and filter error variance curves of state
estimation for the ship when W}, = [2, 2]T. (a) Lateral position; (b)
lateral velocity.

and attitude angles of the carrier, thereby providing posi-
tional information. Owing to strong resistance to external dis-
turbances, INS has been widely applied in aerospace, avi-
ation, and various civilian domains, as well as in national
defense technologies [54]. With the advancement of sophist-
icated computer technologies, an improved form of the INS,
namely the SINS, has been proposed. The SINS eliminates the
traditional electromechanical platform and instead computes
the attitude information of the vehicle through a mathematical
platform established within the computer, thereby simplifying
the overall system architecture. The SINS, owing to its high
reliability and low maintenance cost, has gradually become
the mainstream configuration. The initial alignment process
of SINS constitutes a critical stage in the overall navigation
procedure, as the effective control of alignment errors directly
determines the accuracy and stability of the system.

Under static conditions, the state and measurement
equations of the initial alignment error for the system are
established [55]:

F
05><5

C
055

XN =A@)X (1) +W(r)

]X(t)+W(z)

Z(1)=H(®O)X()+ V()
(57)
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Figure 17. The initial alignment velocity error curves under static
base conditions.
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Figure 18. The initial alignment misalignment angle curves under
static base conditions.

where X(I) = [5\/]3, 5VN, DE, ON, ¢U, €E, €N, €U, VE, VN]T
denotes state vector, dvg and dvy denote the velocity error
components in the eastward and northward directions, respect-
ively, ¢g, ¢n and ¢y represent the misalignment angles
in the east, north, and upward directions, respectively, cg,
en, and ey correspond to the accelerometer biases in the
east, north, and upward directions, respectively, Vg and
Vi denote the constant gyro drifts in the eastward and
northward directions, respectively; C =1I545 denotes the
attitude matrix, I,», denotes the p x p identity matrix;
W(1) = N5, Mow> Noes Nons Npys 0,0, 0,0, O]T denotes the
state noise vector; Z(f) = [vg, vn]" denotes the measurement
vector; H(7) = [Irx2, 02xs] denotes the coefficient matrix;
V(t) = [ug, pn]" denotes the measurement noise vector; F is:

2
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t/s

30 35 40 45 50

Filter error variance of ¢, /° Filter error variance of ¢, /° Filter error variance of ¢, /°

0 5 10 15 20 25 30 35 40 45 50
t/s
Figure 19. Filter error variance curves of the initial alignment
misalignment angle under static base conditions.
0 2Q2sinp 0 —g 0
—2Qsing 0 g 0 0
F= 0 0 0 Qsing  —Qcosp
0 0 —Qsing 0 0
0 0 Qcosgp 0 0
(58)

where @, () and g denote the local latitude, the Earth’s rotation
rate and the gravitational acceleration, respectively.

By discretizing the state and measurement equations of the
aforementioned initial alignment error system, the following
discrete equation are obtained [55]:

P :diag{(O.lms*I)z, (0.1ms™ 1), (1°)2, (1°)%, (1°)?,
x (0.02°h=1)%, (0.02°h7")?, (0.02°h7")?, (IOO;Lg)Z,(IOO;Lg)Z}
(59)

where diag{-} denotes the diagonal matrix operator. Consider
the process noise and measurement noise as uncorrelated
interval processes W,IC and V,I(, respectively, with mid-
point function vectors W}' =10, 0,0, 0, 0, 0, 0, 0, 0, O]T
and VP =1[0,0]", and radius function vectors W}
[50ug, 50ug, 50ug, 0.1°h~",0.1°h7",0,0, 0,0, O]T
Vi=1[0.1ms™ !, O.Ims_l}T. Let the filter period be Ty = 1s
and the location be at latitude o = 45° North. The initial mis-
alignment angles are assumed to be ¢g = 1°, ¢on = 1° and

ou=1°.

and
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Figure 20. Filter results of the initial alignment upward
misalignment angle under static base conditions. (a) The upward
misalignment angle; (b) filter error variance curve of the upward
misalignment angle.
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The convergence characteristics of the proposed filter
algorithm in state estimation of the system are investigated.
By utilizing the proposed algorithm, the filter results of the
SINS within 50 s are obtained, the curves of the results are
illustrated in figures 17-19. It can be observed from the res-
ults that, under the initial conditions of the static base, the filter
estimations of the eastward and northward velocity errors tend
towards zero. The filter estimations of the eastward and north-
ward misalignment angles reach the convergence stage. While
the filter estimation of the upward misalignment angle consist-
ently decreases throughout the entire filtering process without
reaching the convergence stage. Therefore, the total filter dur-
ation is set to 1000 s, and the filter results of the upward mis-
alignment angle are obtained, as shown in figure 20. From the
results it can be known that the upward misalignment angle

eventually reaches the convergence stage. This phenomenon
indicates that the filter estimation of the eastward and north-
ward misalignment angles performs well, with faster align-
ment speeds, while the alignment speed of the upward mis-
alignment angle is significantly slower compared to the first
two. This is primarily because the convergence speed of the
filter is related to the noise level. Only accelerometer biases
cause estimation errors for the eastward and northward mis-
alignment angles, whereas the estimation errors of the upward
misalignment angle are affected by both the biases of the
northward misalignment angle and the constant drift of the
eastward gyroscope, resulting in larger errors. Therefore, the
observability of the upward misalignment angle is not as good
as that of the eastward and northward misalignment angles.
The filter results above demonstrate that the proposed filter
algorithm can effectively control the initial alignment errors
of the SINS, thereby ensuring the accuracy of the navigation
system’s subsequent positioning.

5. Conclusions

This paper proposes a new Kalman filter algorithm based on
the interval process model for linear discrete systems. By util-
izing the interval process model to describe the uncertainty of
the noise, the dependence of the analysis on extensive samples
can be greatly reduced. Through the numerical examples, the
following phenomena can be found. First, the filter errors, pre-
diction error variances, filter error variances, and RMSEs of
the system state all show a decreasing trend over time and
eventually converge. Second, the radius function of the pro-
cess noise affects the filter estimation, with the filter error
variance convergence value increasing as the radius function
of the noise increases. Third, although the noise cannot be
completely filtered out, the adverse effects of noise on state
estimation can be effectively mitigated through the proposed
algorithm. Currently, noise is assumed to be an uncorrelated
interval process in linear dynamic system problems. We will
further explore the filter analysis with correlated interval pro-
cess noises in practical engineering scenarios such as multi-
sensor systems, striving to overcome the difficulties of estima-
tion performance degradation, promising more advancements
in the field of parameter estimation.
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Appendix

According to equation (1), the state prediction estimation of
X can be obtained:

thq =& X+ P Up g (A1)
and the prediction estimation of Z, can be obtained:
Zk,kfl = Hkxk,kfl' (A.2)

The measurement residual vector between Z and Zk’ k—1 18
defined as:

Zij—r =Ly — Ly =Ly —Hi Xy - (A.3)

By using the measurement residual vector Zk,k,l to correct
the original state prediction estimation X, , _;, the optimal fil-
ter estimation at the time step k can be obtained:

X, =X, +Ke(Ze—HiXy ) (A4)

k

where Ky is the filter gain matrix.
The prediction error e, ,_; and the filter error e, are,
respectively, defined as:

(A.5)
(A.6)

Crk—1 = Xk - Xk,k—l
ek == Xk - Xk'

Substitute equations (1) and (A.l) into equation (A.5)
yields:

it = Pt (X =Xy ) + T Wy (A7)

Substitute equations (1) and (A.4) into equation (A.6)
yields:

e, = [I - KHy (Xk - Xk,k—l) + KV, (A.8)

According to equation (A.7), the covariance matrix of the
prediction error e, ,  can be obtained:

Pii—1=Cov(e ;. e; ;)
= Py 4—1Cov (Xk—l - Xk—lan—l - Xk—l) ‘I’{k—l
+ @ 1—1Cov (qu — X1, kal) FZ,H
+ L p—1Cov (Wk—l X — X, 1) ‘I’E,k—l

+Tyx—1Cov (W, |, W,_ )T, (A.9)

It can be proved that Cov (Xk_l — X, 7Wk—l> =0, 5,

and equation (A.9) can be simplified as
Prit =P 1Pt @i + Tii1 Qe Thpo - (AL10)

According to equation (A.8), the covariance matrix of the
filter error e, can be obtained:

P, = Cov (e, e;)
= (I- KiH;) Cov (Xk —Xppo1, Xp — Xk,kfl) (I-KH)"
— (I - KHy) Cov (Xk - Xk,kflyvk) K;
— K;Cov (Vk,Xk - Xk,k,l) (I— K:Hy)"
+KiCov (Vi, V)KL (A.11)

It can be proved that Cov (Xk — Xk}k_l ,Vk) =0,,x»,, and
equation (A.11) can be simplified as:

P, = (I-KH) P (I-KH)" +KRK] . (A.12)

The gain matrix K, for a minimum filter error variance
should minimize the sum of diagonal elements of Py, namely
the trace of Py:

tr (Pk) =1r (Pk,k—l) — 2tr (KkH/(PkJ(_])

+tr (K (HiPrso 1 Hy + Ry KJ) . (A.13)

Take the derivative of tr (P;) with respect to Ky, yields:

o (Py) Ot

_ (—szHkPka, 1) n otr (Kk (HkPk,klez + Rk) K;‘r)
OKy

8Kk Cr’I(k
= *2<HkPk,k—l)T + 2K, (HkPk,k—le +Ry).

(A.14)

Let equation (A.14) be equal to 0,, x.,, then K; can be
solved as:

—1
K =Py Hy (HiP o Hy +Ry) . (A.15)
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